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Hydraulic jump flow motion for Q = 0.0472 m3/s, d1 ~ 0.03 m, Fr1 = 5.1, Re = 9.4×104 - Flow 
direction from left to right 
I 
Abstract 
A hydraulic jump is a rapid transition from a supercritical to subcritical open channel flow, 
commonly experienced in rivers, hydraulic structures and industrial channels. The hydraulic jump is 
characterised by a discontinuity in water depth, with free-surface spray and splashing, significant air 
entrainment and turbulence development, and a large rate of energy dissipation. Although the 
hydraulic jump has been studied for nearly two hundred years, the interactions between the 
entrapped air and turbulent flow structures are not fully understood. Herein an experimental study 
was performed in some relatively large-size facility. The investigated flow conditions covered a 
broad range of inflow Froude numbers 3.8 < Fr1 < 10.0 and Reynolds numbers 2.1×104 < Re < 
1.6×105 with partially-developed inflow conditions. The Froude similitude was specifically tested to 
investigate potential scale effects for Fr1 = 5.1. The free-surface fluctuations were investigated with 
a series of non-intrusive acoustic displacement meters placed at various longitudinal and transverse 
positions. The relationship between the instantaneous free-surface and two-phase flow properties 
was studied with simultaneous recordings of the displacement meters and a phase-detection probe. 
The time-averaged free-surface profile of the hydraulic jump and its fluctuations were measured 
along the channel centreline. Some long-duration experiments were performed, showing some slow 
changes of the longitudinal jump toe position. The characteristic frequencies of free-surface 
fluctuations and jump toe oscillations were recorded. The simultaneous measurements of the two 
motions depicted a two-dimensional flow structure of the jump roller, with a rapid deformation of 
the roller in response to the production and advection of large scale vortices, which were 
responsible for the longitudinal hydraulic jump toe oscillations. The celerity of free-surface wave 
above the jump roller was derived and compared well with the advection velocity of large-scale 
vortices in the shear layer. Cross-correlation analysis between the instantaneous void fraction and 
free-surface fluctuations/jump toe oscillations provided some measure of their interactions in both 
horizontal and vertical dimensions, highlighting the impact of large-scale air-water vortices 
advected in the shear layer. The entrapped air flux in the roller was estimated based upon the 
detailed void fraction and velocity distribution measurements. The results showed some major air 
entrapment at the impingement point and further aeration at the roller free-surface. 
 
Keywords: Hydraulic jump, Free-surface profile, Free-surface fluctuations, Two-phase flow 
properties, Acoustic displacement meter, Cross-correlation analyses, Physical modelling, Air 
entrapment rate 
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IV 
List of symbols 
 
C time-averaged void fraction defined as the volume of air per unit volume of air 
and water; 
Cmax local maximum void fraction in the developing shear layer; 
C* local minimum void fraction at the boundary between the shear layer and 
recirculation region; 
c instantaneous void fraction; 
Dt air bubble diffusivity (m/s2) in the air-water shear layer; 
D# dimensionless air bubble diffusivity: D# = Dt/(V1×d1); 
d1 water depth (m) immediately upstream the jump toe; 
Fej frequency (Hz) of the downstream ejection of large scale vortices in shear layer; 
Ffs frequency (Hz) of the free-surface fluctuation; 
Ftoe frequency (Hz) of the longitudinal oscillation of the jump toe; 
Fr Froude number: Fr = V g×d ; 
Fr1 inflow Froude number: 1 1 1Fr  = V g×d ; 
g gravity acceleration (m/s2): g = 9.80 m/s2 in Brisbane, Australia; 
h upstream sluice opening (m); 
lw wave length (m); 
Q flow rate (m3/s); 
qent air entrainment flux per unit width (m2/s); 
qw water discharge per unit width (m2/s); 
Rij correlation coefficient between i and j; 
Rmax maximum correlation coefficient; 
Re Reynolds number: Re = ρ×V1×d1/μ; 
Si acoustic displacement meter number i; 
t time (s); 
U wave propagation celerity (m/s) at the free-surface; 
V air-water interfacial velocity (m/s); 
Vej average advection velocity (m/s) of large scale vortices in the shear layer; 
Vmax maximum interfacial velocity (m/s) in the shear layer; 
Vrecirc recirculation velocity (m/s) in the roller; 
V1 average inflow velocity: V1 = Q/(W×d1); 
V 
W channel width (m); 
x longitudinal position (m) apart from the upstream sluice; 
xtoe longitudinal position (m) of instantaneous and local impingement point; 
x1 longitudinal jump toe position (m); 
y elevation (m) of the measurement point from the channel bed; 
yCmax elevation (m) of local maximum void fraction in the shear layer: y = y(C = Cmax); 
yVmax elevation (m) of local maximum velocity in the shear layer: y = y(V = Vmax); 
y0.5 elevation (m) such as: y = y(V = Vmax/0.5); 
y90 characteristic elevation (m) where C = 0.9; 
y* elevation (m) of local minimum void fraction at the boundary between the shear 
layer and recirculation region: y = y(C = C*); 
z transverse position (m), with z = 0 at the centreline of the channel; 
  
Greek symbols 
Δx longitudinal separation (m); 
Δxtip longitudinal distance (m) between probe sensor tips; 
Δz transverse separation (m); 
Δztip transverse distance (m) between probe sensor tips; 
η water elevation (m); 
η’ standard deviation of the water elevation η (m); 
ηx water level (m) in horizontal direction; 
ηy water level (m) in vertical direction; 
μ dynamic viscosity (Pa.s) of water; 
ρ density (kg/m3) of water; 
τ time lag (s); 
Ø diameter (m); 
  
Superscript or subscript 
dom dominant characteristic frequency; 
max maximum value; 
sec secondary characteristic frequency; 
x horizontal/longitudinal direction; 
y vertical direction; 
i number of acoustic displacement meters (i = 0, 1, … ,14); 
VI 
ij numbers of acoustic displacement meters involved in correlation in order; 
1 upstream flow conditions; 
2 downstream flow conditions; 
 
Abbreviations 
ADM  acoustic displacement meter; 
HDPE  High-density polyethylene. 
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1. INTRODUCTION 
A hydraulic jump is a common phenomenon observed in open channel flows such as rivers, 
spillways and industrial channels. Man-made hydraulic jumps are commonly used for (a) energy 
dissipation, e.g. in stilling basins of hydraulic structures, (b) fluid mixing, e.g. in chemical 
processing plants, and (c) aeration. Figure 1-1 shows a picture of the stilling basin of the Paradise 
dam in Burnett River, Queensland, Australia during a major flood. A hydraulic jump is seen at the 
transition between the supercritical spillway flow and subcritical downstream flow in the stilling 
basin with large surface spraying: this illustrates a typical application of hydraulic jump as an 
energy dissipator. 
In a hydraulic jump, the flow changes from supercritical (Fr > 1) to subcritical (Fr < 1), where the 
Froude number Fr is a dimensionless number defined as the ratio of the flow velocity to the 
gravitational wave velocity. The inflow Froude number is an essential parameter in physical 
modelling of a hydraulic jump (LIGGETT 1994). For a hydraulic jump in a horizontal rectangular 
channel, the inflow Froude number is defined as 1 1 1Fr  = V g d , where V1 is the inflow velocity, 
g is the gravity acceleration and d1 the inflow water depth. When the inflow Froude number is 
slightly larger than unity, the hydraulic jump is characterised by a relative smooth and continuous 
rise in water depth, followed by free-surface undulations. It is called an undular jump (MONTES 
1998). An undular jump develops into a breaking jump when the inflow Froude number is greater 
than a critical value which depends on the development of inflow boundary layer at the channel bed 
(CHANSON and MONTES 1995). The jump becomes an abrupt discontinuity in water depth as 
well as in terms of the pressure and velocity fields. A breaking hydraulic jump is characterised by a 
roller with surface splashing and recirculation, large scale turbulence development, air entrainment 
and large rate of energy dissipation (HAGER 1992, CHANSON 2004). A singular point in the free-
surface profile is known as the jump toe or the impingement point, while the turbulent two-phase 
flow region immediately downstream the jump toe is usually called the jump roller. The flow 
features in the jump roller are extremely complicated (RAJARATNAM 1967, CHANSON 2009). 
This report presents some new experimental investigations of hydraulic jumps performed at the 
University of Queensland. The purpose of this study is to broaden the knowledge of the fluctuating 
roller free-surface and two-phase flow properties in hydraulic jumps. New experiments were 
conducted with a wide range of Froude numbers (3.8 < Fr1 < 10.0) and Reynolds numbers (2.1×104 
< Re < 1.6×105). The instantaneous free-surface motions were measured non-intrusively in both 
vertical and horizontal directions, and some surface deformation patterns were defined. The two-
phase flow measurement results were presented, some data being collected simultaneously with the 
free-surface fluctuations. In Chapter 2, the experimental facilities and instrumentations, the 
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experimental setups and investigated flow conditions are presented. The experimental results are 
reported and discussed in Chapter 3 and 4, and conclusions are made in Chapter 5. Further data are 
reported in the appendices. It is the aim of present work to gain better understanding of the 
interaction between the air entrainment and turbulent fluctuations. 
 
 
Figure 1-1 – Hydraulic jump in the stilling basin at the end of spillway of the Paradise dam in 
Burnett River (Photograph Hubert CHANSON) – Discharge estimated to be in excess of 6,400 m3/s 
and Re ~ 2×107 (CHANSON 2011a) 
 
Bibliographic review 
The first successful studies of hydraulic jumps date back to the 19th century, including the 
milestone experiments of BIDONE (1819) who recorded the upstream and downstream depths and 
the length of jump. The theoretical solution of the ratio of conjugate depths was first deduced by 
BÉLANGER (1841) using the momentum equation: 
  22 1
1
d 1 = 1+8 Fr -1
d 2
  (1-1) 
  
3/2
2
3/2
21
1
Fr 2 = 
Fr 1+8 Fr -1  (1-2) 
where the subscripts 1 and 2 refer to the upstream and downstream flow conditions respectively. 
Equations (1-1) and (1-2) are valid for a smooth horizontal rectangular channel. 
Experimental studies on internal two-phase flow measurements took place during the 1960s 
(RAJARATNAM 1962). RESCH and LEUTHEUSSER (1972) presented a milestone contribution 
showing the effects of the inflow conditions on air entrainment process, momentum transfer and 
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energy dissipation. With progresses in methodology, a growing number of turbulence properties of 
hydraulic jump were revealed and better understandings on the flow regime were achieved. 
CHANSON (1995) studied particularly the hydraulic jumps with partially-developed inflow 
conditions and made an analogy of the air entrainment process in hydraulic jump with that in 
plunging jets. The void distributions in the bubbly flow region were presented by MOSSA and 
TOLVE (1998) and LEANDRO et al. (2012) using some imaging technique. CHANSON and 
BRATTBERG (2000) systematically documented the vertical distributions of the void fraction, 
bubble count rate and air-water interfacial velocity. Turbulent eddies and bubbly flow micro-
structures were characterised by CHANSON (2007a). MURZYN et al. (2005), CHANSON (2010) 
and CHACHEREAU and CHANSON (2011a) measured the detailed air-water flow properties in 
hydraulic jumps with a wide range of inflow Froude numbers. The scale effects affecting air 
entrainment were discussed by WOOD (1991) and CHANSON (1997), followed by CHANSON 
(2007b), MURZYN and CHANSON (2008) and CHANSON and CHACHEREAU (2013). Some 
drastic scale effects on the two-phase flow properties were reported especially for small-size 
hydraulic jumps, demonstrating that a true dynamic similitude could not be achieved with a Froude 
similitude in laboratory models. 
The dynamic characteristics of the free-surface profile were recently characterised using intrusive 
wire gauges (MOUAZE et al. 2005, MURZYN et al. 2007) and non-intrusive acoustic displacement 
meters (KUCUKALI and CHANSON 2007, MURZYN and CHANSON 2009, CHACHEREAU 
and CHANSON 2011b). The findings emphasised the fluctuating nature of the jump surface. 
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2. EXPERIMENTAL APPARATUS, SETUP AND FLOW CONDITIONS 
2.1 EXPERIMENTAL FACILITIES AND INSTRUMENTATION 
2.1.1 Experimental facilities 
The experiments were performed in a relatively large-size channel in the hydraulic laboratory at the 
University of Queensland, Australia. The channel was fed by two parallel supply lines supplied a 
large constant head reservoir system. The flow rate was measured with Venturi meters mounted in 
each supply line separately. The Venturi meters were calibrated on-site with a thin plate V-notch for 
discharge under 0.01 m3/s, and with a thin plate full-width weir for discharge from 0.01 to over 0.05 
m3/s. The accuracy on the discharge measurement was within ±2%. The maximum combined flow 
rate was 0.090 m3/s with both supply lines. 
The test section was horizontal, 3.2 m long and 0.5 m wide, with a HDPE bed and 0.41 m high glass 
sidewalls (Fig. 2-1). The inflow conditions to the test section were controlled by a vertical 
undershoot sluice mounted in a head tank upstream the channel. The sluice had a semi-circular 
rounding (diameter: 0.3 m), inducing a horizontal inflow at the inlet. Flow straighteners and meshes 
were installed in the head tank to provide a smooth approach flow upstream of the rounded gate. 
Figure 2-2 shows a sketch of a hydraulic jump in the experimental channel. 
 
 
Figure 2-1 – Photograph of the experimental channel: HDPE bed, glass sidewalls, vertical 
undershoot sluice and upstream head tank on the right side - Flow direction from right to left 
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Figure 2-2 – Definition sketch of hydraulic jump flow structure in experimental channel 
 
In Figure 2-2, some inflow parameters are presented, including the sluice opening h, the inflow 
water depth d1 and downstream depth d2, the longitudinal jump toe position x1, the inflow boundary 
layer thickness δ and the length of jump roller Lr. The downstream flow conditions were controlled 
by a vertical overshoot gate, located 3.2 m downstream of the sluice gate (x = 3.2 m). 
2.1.2 Free-surface measurements 
The clear-water flow depths were measured with point gages with an accuracy of 0.2 mm.  
The free-surface elevations above the hydraulic jump were recorded non-intrusively using some 
acoustic displacement meters MicrosonicTM Mic+25/IU/TC and Mic+35/IU/TC. The displacement 
meters were mounted above the channel, enabling non-intrusive measurements of instantaneous 
water elevations by emitting an acoustic beam and receiving the reflected one. The distance 
between a sensor and the detected water surface was derived from the travel time of the beam. Up 
to fourteen Mic+25/IU/TC sensors were used in the experiments. The measurement range was 30 to 
250 mm, with an accuracy of 0.18 mm and response time less than 50 ms. The sensor 
Mic+35/IU/TC had a measurement range of 60 to 350 mm, with 0.18 mm accuracy and response 
time less than 70 ms. The signals were sampled at 50 Hz for at least 540 s to record both low- and 
high-frequency free-surface fluctuations. The voltage output data was converted into water depth 
according to the calibration curves obtained on-site (Appendix A). 
The raw outputs of acoustic displacement meter included some errors mainly caused by a) the 
acoustic beam failing to be captured by the sensor because of some angle of the water surface, b) 
the acoustic beam reflected by a splashing droplet or a water drop stuck at the sensor head, and c) 
some interference by adjacent sensors. The errors resulted in erroneous spikes in the signal. These 
erroneous spikes departed from the major signal distribution. They were removed using some 
simple threshold techniques and replaced by linear interpolation between end points. An example of 
6 
the raw and spike-removed signals is shown in Figure 2-3. In Figure 2-3(A), the spikes reaching the 
upper voltage limit corresponded to the acoustic beams that did not return to the sensor, whereas 
those reaching the lower voltage limit corresponded to the reflections on splashing droplets. 
 
(A, left) Raw signal 
(B, right) Post-processed signal after spike removal 
Figure 2-3 – Raw and post-processed acoustic displacement meter signals – Flow conditions: Q = 
0.034 m3/s, d1 = 0.0204 m, x1 = 0.83 m, x-x1 = 0.37 m, Fr1 = 7.5, Re = 6.8×104 
 
2.1.3 Air-water flow measurements 
The air-water flow properties were measured with a double-tip conductivity probe. The 
conductivity probe is a phase-detection intrusive probe that discriminates between air and water 
phases by their different electrical conductivities (CROWE 1998, CHANSON 2002). Each tip of 
the probe was a needle with a platinum central wire insulated from the outer electrical conductive 
coat layer. The cross section was exposed uncoated. The central wire and outer coat layer were 
electrically connected when the tip was in water. Once an air bubble was pierced, a voltage drop in 
the circuit occured because of the large electrical resistance. The double-tip conductivity probe was 
manufactured at the University of Queensland. It was equipped with two identical needle sensors 
with inner diameter 0.25 mm. The sensors were parallel mounted with a transverse separation Δztip 
= 1.75 mm. The longitudinal separation distance between the sensor tips was Δxtip = 7.46 mm. The 
probe was excited by an electronic system (Ref. UQ82.518) designed with a response time less than 
10 μs. The elevation of the probe was supervised by a MitutoyoTM digimatic scale unit with 
accuracy of 0.01 mm. 
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The phase-detection probe outputs were voltage signals between -1 and 4.5 V in the air-water flow. 
Figure 2-4 shows a typical signal segment collected in the jump roller. The voltage was about 4.2 V 
when the sensor tip was in water. It dropped to -1 V when the air phase was detected. Each drop in 
signal referred to a detected air bubble. The signal directly reflected the instantaneous void fraction 
c defined as the volume of air per unit volume of the air and water, with c = 0 in water and c =1 in 
air. 
The time averaged void fraction was calculated based upon a single threshold technique. Output 
voltage higher than the threshold was considered corresponding to water phase, whereas air phase 
was indicated by voltage below the threshold. In a high-velocity free-surface flow, a threshold of 
45-55% of the air-water voltage range was proposed to offer some robust discrimination between 
the two phases (CHANSON and CAROSI 2007). It was set at 50% in present study, and the error 
on the void fraction was expected to be less than 1%. 
 
 
Figure 2-4 – Typical double-tip conductivity probe output – Flow conditions: Fr1 = 8.5, Re = 
7.5×104, d1 = 0.02 m, x1 = 0.83 m, x-x1 = 0.25 m, y = 0.04 m, C = 0.174 
 
2.2 EXPERIMENTAL SETUP 
Three series of experiments were performed, corresponding to three different arrangements of 
acoustic displacement meters, as sketched in Figure 2-5. In Setup 1 (Fig. 2-5A), the Mic+35 sensor 
(numbered 0) was mounted vertically above the supercritical inflow upstream the jump toe, while 
five Mic+25 sensors (numbered 1 to 5) were aligned over the jump along the centreline. The heights 
of the sensors were adjusted to keep the water surface within their measurement ranges. A 3×4 
sensor array was positioned over the jump in Setup 2 (Fig. 2-5B). In addition, three sensors (one 
Mic+35 and two Mic+25) were placed horizontally right above the inflow free-surface, with the 
sensor heads facing the jump toe from upstream. The central axes of sensors were roughly 25 mm 
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high above the water. In the last setup (Setup 3), a horizontal Mic+35 sensor upstream and a vertical 
Mic+25 sensor above the jump roller were operated simultaneously together with the phase-
detection probe (Fig. 2-5C). The probe elevation was controlled, thus taking measurement of air-
water flow through the cross section of jump roller. The vertical displacement meter was aligned 
over the probe leading tip, while the height of the horizontal sensor was fixed. Figure 2-6 shows 
some photographs of the three experimental setups in order. Further photographs are reported in 
Appendix E. 
The experimental flow conditions and corresponding displacement meter positions are summarised 
in Tables 2-1 to 2-3 for the above setups respectively. Herein Q is the flow rate, h is the opening of 
upstream sluice, x1 is the longitudinal distance from the sluice to the jump toe, d1 is the water depth 
immediately upstream the jump (Fig. 2-2) and Fr1 is the inflow Froude number. Dimensional 
analyses and dynamic similarity considerations demonstrated that the Reynolds number is a further 
essential parameter characterising a hydraulic jump in physical modelling (CHANSON 2011a), 
where the Reynolds number is defined as 1 1Re = ρ×V ×d /μ , with ρ being the density of water, V1 
the inflow velocity and μ the dynamic viscosity of water. In Tables 2-1 to 2-3, Si (i = 0, …, 14) 
denotes the acoustic displacement meter numbered from 0 to 14. S0 refers to the sensor 
Mic+35/IU/TC, and the rest are Mic+25/IU/TC units. x(Si) and y(Si) denote the longitudinal and 
vertical positions of the sensors respectively. 
 
   
(A) Setup 1 (B) Setup 2 (C) Setup 3 
Figure 2-5 – Sketches of acoustic displacement meters arrangements 
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(A) Setup 1 – Flow conditions: Q = 0.0352 m3/s, d1 = 0.0326 m, x1 = 1.25 m, Fr1 = 3.8, Re = 
7.0×104 
 
(B) Setup 2 – Flow conditions: Q = 0.0368 m3/s, d1 = 0.0277 m, x1 = 1.083 m, Fr1 = 5.1, Re = 
7.4×104 
 
(C) Setup 3 – Note the double-tip conductivity probe below the sensor on the left 
Figure 2-6 – Photographs of experimental setups – Flow direction from right to left 
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Table 2-1 – Flow conditions and acoustic displacement meter positions for experimental Setup 1 
 
Ref. Q h x1 d1 Fr1 Re x(S0)-x1 x(S1)-x1 x(S2)-x1 x(S3)-x1 x(S4)-x1 x(S5)-x1 
 (m3/s) (m) (m) (m)   (m) (m) (m) (m) (m) (m) 
Series 1 0.0179 0.020 0.83 0.0206 3.8 3.5×104 -0.15 0.07 0.22 0.37 0.52 0.67 
 0.0239   0.0209 5.1 4.8×104       
 0.0347   0.0206 7.5 6.8×104       
 0.0397   0.0208 8.5 8.0×104       
 0.0473   0.021 10.0 9.5×104       
 0.0352 0.030 1.25 0.0326 3.8 7.0×104 -0.2 0.1 0.25 0.4 0.55 0.75 
 0.0461   0.0322 5.1 9.2×104       
 0.0709   0.033 7.5 1.41×105       
 0.0820 0.054 1.25 0.057 3.8 1.62×105 -0.2 0.1 0.25 0.4 0.55 0.75 
 
Table 2-2 – Flow conditions and acoustic displacement meter positions for experimental Setup 2 
 
Ref. Q h x1 d1 Fr1 Re x(S0)-x1 x(S4)-x1 x(S7)-x1 x(S10)-x1 x(S13)-x1 
 (m3/s) (m) (m) (m)   (m) (m) (m) (m) (m) 
Series 2 0.0160 0.012 0.5 0.012 5.1 2.1×104 -- 0.07 0.2 0.33 0.46 
 0.0179 0.020 0.83 0.0206 3.8 3.5×104 -0.153 0.07 0.22 0.37 0.52 
 0.0239   0.0209 5.1 4.8×104      
 0.0356   0.0209 7.5 6.8×104      
 0.0397   0.0208 8.5 8.0×104      
 0.0368 0.026 1.083 0.0277 5.1 7.4×104 -0.15 0.1 0.25 0.4 0.55 
 0.0463 0.030 1.25 0.0322 5.1 9.2×104 -0.15 0.1 0.25 0.4 0.55 
 0.0552 0.034 1.417 0.0363 5.1 1.10×105 -0.204 0.133 0.283 0.433 0.583 
 0.0689 0.040 1.667 0.042 5.1 1.37×105 -0.186 0.133 0.293 0.453 0.613 
 0.0815 0.045 1.875 0.047 5.1 1.63×105 -0.186 0.155 0.335 0.515 0.695 
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Table 2-3 – Flow conditions and acoustic displacement meter positions for experimental Setup 3 
 
Ref. Q h x1 d1 Fr1 Re y(S0) x(S1)-x1 
 (m3/s) (m) (m) (m)   (m) (m) 
Series 3 0.0244 0.020 0.83 0.0206 5.1 4.7×104 0.046 0.083 
        0.167 
 0.0463 0.030 1.25 0.0322 5.1 9.2×104 0.055 0.125 
        0.250 
 0.0701 0.040 1.25 0.0425 5.1 1.4×105 0.075 0.167 
        0.333 
 
Note: Q: flow rate; h: sluice opening; x1: longitudinal jump toe position; d1: inflow depth; Fr1: 
inflow Froude number; Re: Reynolds number; x: longitudinal position; x1: longitudinal jump toe 
position; y: elevation from the channel bed; Si: acoustic displacement meters numbered from 0 to 14 
 
In the present investigations, the inflow Froude number varied from 3.8 to 10.0 for the data Series 1 
(Table 2-1). The sluice opening h was set at 0.020, 0.030 and 0.054 m. For the data Series 2, a 
series of sluice openings were set to achieve different Reynolds numbers from 2.1×104 to 1.63×105 
for Fr1 = 5.1. Only the longitudinal positions of displacement meters on the centreline are presented 
in Table 2-2. The transverse positions of the sensors were z = -0.125 m, 0 and +0.125 m, where z = 
0 at the centreline and z = ±0.25 m at the sidewalls (channel width W = 0.5 m). The data Series 3 
were recorded at several longitudinal positions close to the jump toe, i.e. (x-x1)/h = 4.17 and 8.33, 
with the same Froude number Fr1 = 5.1 but three different Reynolds numbers. 
Additional informations were recorded with a dSLR camera PentaxTM K-7, and photographs of the 
experiments are presented in Appendix E. 
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3. EXPERIMENTAL RESULTS. (1) FREE-SURFACE CHARACTERISTICS 
3.1 FREE-SURFACE PROFILE 
3.1.1 Time-averaged free-surface profiles  
The visual observations showed a rapid increase in water level in the downstream direction and a 
turbulent jump roller. Figure 3-1 presents a typical side view of a hydraulic jump with large 
Reynolds number. (See also Appendix E.) The free-surface profiles were measured with acoustic 
displacement meters at six longitudinal positions along the centreline for the data Series 1 (Table 2-
1), and the results are shown in Figure 3-2. In Figure 3-2, η is the average free-surface elevation 
above the channel bed, d1 is the inflow depth immediately upstream of the jump toe, x is the 
longitudinal distance from the upstream sluice and x1 is the time-averaged jump toe position. For 
some strong hydraulic jumps with long jump rollers, the downstream water levels were 
supplemented with point gage data. The free-surface profiles showed outlines similar to the visual 
observations (e.g. Fig. 3-1). The detailed data sets are available in Appendix A, and further 
photographs of the experiments are presented in Appendix E. 
Figure 3-3 plots the physical data of downstream conjugate depth d2 and roller length Lr, where Lr 
was defined as the distance over which the mean free-surface level increased monotonically 
(MURZYN and CHANSON 2009). In Figure 3-3A, the ratio of conjugate depths d2/d1 shows good 
agreement with the momentum principle (Eq. (1-1)). In Figure 3-3B, the dimensionless roller length 
Lr/d1 was shown to increase with increasing inflow Froude number. The data were compared with 
the empirical correlations of MURZYN et al. (2007) and HAGER et al. (1990), showing close 
results for a broader range of Froude number. The values of d2 and Lr are reported in a tabular 
format in Table 3-1. Note that the roller lengths were also visually estimated. A comparison 
between the estimates based upon visual observations and the present results based upon free-
surface measurements is discussed in Appendix F. 
The roller free-surface elevations were observed to present some self-similar profile. The 
experimental data are shown in Figure 3-4 together with the correlation function: 
 
0.54
1 1
2 1 r
η-d x-x = 
d -d L
     (3-1) 
The experimental results are compared with Equation (3-1) and a correlation proposed by 
CHANSON (2011b). 
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Figure 3-1 – Side view photograph of the hydraulic jump – Flow from left to right – Flow 
conditions: Q = 0.0812 m3/s, d1 = 0.057 m, x1 = 1.25 m, Fr1 = 3.8, Re = 1.6×105 
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Figure 3-2 – Time-averaged free-surface profiles of hydraulic jump: dimensionless free-surface 
profiles at the centreline 
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(A, left) Ratio of downstream to upstream depth as a function of inflow Froude number 
(B, right) Ratio of roller length to inflow depth as a function of inflow Froude number 
Figure 3-3 – Downstream conjugate water depth and jump roller length as functions of inflow 
Froude number 
 
Table 3-1 – Conjugate flow depth d2 and  roller length Lr experimental data (Present study) 
 
Q h x1 d1 Fr1 Re d2 Lr 
(m3/s) (m) (m) (m)   (m) (m) 
0.0179 0.020 0.83 0.0206 3.8 3.5×104 0.095 0.28 
0.0239   0.0209 5.1 4.8×104 0.139 0.52 
0.0347   0.0206 7.5 6.8×104 0.202 0.8 
0.0397   0.0208 8.5 8.0×104 0.234 1.0 
0.0473   0.021 10.0 9.5×104 0.288 1.27 
0.0352 0.030 1.25 0.0326 3.8 7.0×104 0.156 0.6 
0.0461   0.0322 5.1 9.2×104 0.209 0.85 
0.0709   0.033 7.5 1.41×105 0.324 1.45 
0.0820 0.054 1.25 0.057 3.8 1.62×105 0.265 1.05 
 
Notes: Q: flow rate; h: upstream gate opening; x1: longitudinal jump toe position; d1: inflow depth; 
Fr1: inflow Froude number; Re: Reynolds number; d2: downstream water elevation; Lr: length of 
jump roller. 
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Figure 3-4 – Self-similar free-surface profiles within the roller length – Comparison with Equation 
(3-1) and the correlation curve of CHANSON (2011b) 
 
3.1.2 Long-duration fluctuations of hydraulic jump position 
The hydraulic jump was observed to shift its longitudinal position around a mean position x1 in both 
fast and slow manners. The fast change in jump toe position, namely its longitudinal oscillation, 
was studied by several researchers including LONG et al. (1990), CHANSON and GUALTIERI 
(2008) and MURZYN and CHANSON (2009). The characteristic frequency was recently reported 
between 0.7 and 1.3 Hz by ZHANG et al. (2013). It is believed that the jump toe oscillation was 
related to the development of turbulent flow structures in the roller and air entrapment at the 
impingement point. The slow motion had a frequency typically lower than 0.1 Hz and was 
attributed to a transformation of the type of hydraulic jump (MOSSA 1999). The study on this very 
slow motion is limited up to date. In the present study, four experiments were run for relative long 
periods (Table 3-2). The instantaneous free-surface profiles were sampled continuously with the 
displacement meters for three runs, and some video observations were used in the fourth run. Table 
3-2 lists the flow conditions. With the highest Reynolds number, the flow conditions were restricted 
because the highly turbulent flow continuously disabled the displacement meters with splashing 
water droplets on the sensor heads.  
Figure 3-5 illustrates the instantaneous free-surface profiles against the recording time. The mean 
profiles are outlined with thick black lines at t = 0. For Fr1 = 3.8 and Re = 3.5×104, a fairly stable 
jump profile was seen during 60 minutes (Fig. 3-5A). The water elevation fluctuated within 
constant amplitude ranges in the jump roller, and a stable jump toe position was observed. For Fr1 = 
3.8 but a Reynolds number of 7.0×104 (Fig. 3-5B), larger surface elevation fluctuations were 
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observed. Some change of longitudinal jump position over a long time scale was exhibited, with 
simultaneous variations in water elevations recorded by all sensors. The simultaneous increases of 
water levels indicated an upstream movement of the jump, whereas simultaneous decreases in water 
elevations indicated a downstream movement conversely. Greater fluctuations in the longitudinal 
jump position were seen for Fr1 = 5.1 and Re = 4.8×104 (Fig. 3-5C). Some upstream jump toe 
excursion was even detected by the sensor (S0) located 0.15 m upstream of the mean jump toe 
position. The jump later returned to its mean position after certain periods within approximately 120 
to 400 s.  
 
Table 3-2 – Flow conditions for long duration experiments 
 
h Q x1 d1 Fr1 Re Recording time instrumentation 
(m) (m3/s) (m) (m)   (s)  
0.020 0.0179 0.83 0.0206 3.8 3.5×104 3600 (60 min) ADMs 
0.030 0.0352 1.25 0.0326 3.8 7.0×104 1620 (27 min) ADMs 
0.020 0.0239 0.83 0.0209 5.1 4.8×104 3600 (60 min) ADMs 
0.020 0.0239 0.83 0.0209 5.1 4.8×104 9600 (160 min) Video camera 
 
Notes: h: sluice opening; Q: flow rate; x1: longitudinal jump toe position; d1: inflow depth; Fr1: 
inflow Froude number; Re: Reynolds number; ADM: acoustic displacement meter. 
 
No simple explanation has been proposed regarding the relative long-term behaviour. It is thought 
that the process might be linked with the hydraulic jump minimising its energy. For example, an 
upstream movement of the jump tended to decrease the downstream water level to achieve lower 
potential energy. At the same time, this decreased slightly the inflow depth because of a lesser 
developed boundary layer at the channel bed, thus corresponding to a temporary increase in inflow 
Froude number, which tended to increase the ratio of conjugate depth d2/d1 according to Equation 
(1-1). The temporary change of jump position was a consequence of these tendencies at equilibrium. 
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(A) Fr1 = 3.8, Re = 3.5×104 
 
(B) Fr1 = 3.8, Re = 7.0×104 
 
(C) Fr1 = 5.1, Re = 4.8×104 
Figure 3-5 – Instantaneous free-surface profiles of hydraulic jumps against recording time measured 
for long period 
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Long duration video observations 
A 60 minute recording time was possibly not long enough to determine some long-periodic 
behaviour. Some limited video observations up to 160 minutes were carried out with a SonyTM HD 
digital video camera. The flow conditions were Fr1 = 5.1 and Re = 4.8×104 (identical to those in Fig. 
3-5C). Some video frames are presented in Figure 3-6. The video highlighted some temporary 
changes of the jump toe position ranging from -0.28 m to +0.12 m. The jump tended to stay at some 
remote positions for about 120 to 400 s before returning to the mean position. The horizontal 
displacement range was larger and the associated periods were drastically longer than for the rapid 
jump toe oscillations. 
The video movie was sub-sampled by extracting a frame every five seconds and the relative jump 
toe position x-x1 was recorded. The relative jump toe position data were smoothed over every 20 
points, and some typical result is shown in Figure 3-7. Both the movie and Figure 3-7 illustrated 
that the major movements were some upstream migration (x-x1 < 0) which could reach more than 
0.2 m upstream of the mean position. Sometimes the jump toe left its mean position for 200 to 400 s, 
while, in most cases, it took 100 to 150 s for a return of its position. About 36 major shifts in jump 
toe position were recorded during 160 minutes, corresponding to an average frequency around 
0.004 Hz. This frequency was seen in the power spectrum density function deduced from fast 
Fourier transform for the instantaneous relative jump toe position data (Fig. 3-8). 
 
 
 
Figure 3-6 – Side views of jump toe position: x-x1 = 0 m (top left, no change), x-x1 = -0.18 m (top 
right, upstream movement), x-x1 = -0.06 m (bottom, downstream movement) – Flow conditions: Q 
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= 0.0239 m3/s, d1 = 0.0209 m, x1 = 0.83 m, Fr1 = 5.1, Re = 4.8×104 
 
 
Figure 3-7 – Smoothed relative jump toe position as a function of time - Flow conditions: Q = 
0.0239 m3/s, d1 = 0.0209 m, x1 = 0.83 m, Fr1 = 5.1, Re = 4.8×104 
 
Figure 3-9 presents the probability density function of the relative jump toe position. The 
probability was calculated for every 0.02 m apart from the mean position. Over 20% of the 
instantaneous jump toe positions were recorded at the mean position (x-x1 = 0). The probability 
distribution was skewed towards the upstream side (x-x1 < 0). The cumulative percentages on the 
two sides were comparable (37.5% upstream and 42.2% downstream). Note that the flume was 3.2 
m long and the short length might have restricted the movement of the jump. 
 
 
Figure 3-8 – Smoothed fast Fourier transform curve for instantaneous relative jump toe position 
sampled at 1 Hz for 160 minutes (video data) 
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Figure 3-9 – Probability density function distribution of instantaneous relative jump toe position in 
long duration jump fluctuations - Flow conditions: Q = 0.0239 m3/s, d1 = 0.0209 m, x1 = 0.83 m, Fr1 
= 5.1, Re = 4.8×104 
 
3.2 FREE-SURFACE FLUCTUATIONS 
3.2.1 Fluctuations of water elevation on the centreline  
The instantaneous free-surface fluctuations were recorded along the jump. Some typical 
instantaneous data are presented in Figure 3-5. The dimensionless standard deviations of water 
elevation η'/d1 are summarised in Figure 3-10 (data Series 1), where Lr is jump roller length. Note 
that any drastic departure from the mean profile caused by the long-period change of jump position, 
as illustrated in Fig. 3-5B, was ignored. The results showed that the level of free-surface 
fluctuations increased with increasing inflow Froude number. This was likely linked with the 
enhanced air entrapment at the jump toe and amount of air-water projections above the roller. The 
largest fluctuations were observed within the first half jump roller (i.e. (x-x1)/Lr < 0.5). For each 
experiments, the maximum standard deviations were documented and the dimensionless data 
η'max/d1 was plotted against the inflow Froude number in Figure 3-11. The data of MOUAZE et al. 
(2005), KUCUKALI and CHANSON (2008) and MURZYN and CHANSON (2009) were included 
for comparison. Details of all experiments are reported in Table 3-3. 
The data showed an increase in maximum free-surface fluctuations with increasing Froude number. 
Figure 3-11 highlights some discrepancies between present and previous results at high Froude 
numbers. It is noteworthy that the quantification of standard deviation could be affected by the 
determination of thresholds when the erroneous spikes were removed from the raw signal. This 
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could be seen from Figure 3-12 showing the sensitivity of the standard deviation of voltage signals 
on the post-processed signal range Vupper-Vlower after spike-removal. The value of standard deviation 
was not independent of the signal range between the upper and lower thresholds. The influence of 
spike-removal thresholds on signal standard deviation appeared to be more substantial at large 
Reynolds numbers. 
 
Table 3-3 – Summary of the free-surface measurement experiments  
 
Reference Fr1  Instrumentation Scanning 
frequency 
(Hz) 
Sampling 
duration (s) 
Present study 3.8 – 10.0 non-intrusive ADM 50 540 to 3,600 
MOUAZE et al. (2005) 1.98 & 3.65 intrusive resistive probe 128 5 
KUCUKALI & 
CHANSON (2008) 
4.7 – 8.5 non-intrusive ADM 50 1,200 
MURZYN & CHANSON 
(2009) 
3.1 – 8.5 non-intrusive ADM 50 600 
 
Note: Fr1: inflow Froude number; ADM: acoustic displacement meter 
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Figure 3-10 – Dimensionless standard deviation of the free-surface profile fluctuations 
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Figure 3-11 (Left) – Maximum free-surface fluctuations as a function of inflow Froude number – 
Comparison with MOUAZE et al. (2005), KUCUKALI and CHANSON (2008) and MURZYN and 
CHANSON (2009) 
Figure 3-12 (Right) – Sensitivity of standard deviation of voltage signal upon post-processed 
voltage signal range after spike-removal 
 
3.2.2 Characteristic frequencies of free-surface fluctuations 
The frequencies of free-surface fluctuations were analysed based upon the displacement meter 
signal outputs. The entire signal was divided into several non-overlapping segments. A fast Fourier 
transform (FFT) was applied to each segment. The averaged power spectrum density (PSD) 
function was estimated and smoothed. Figure 3-13 shows a typical example of PSD function, the 
curve being the average of six 300 s long non-overlapping signal segments, smoothed over every 5 
points. In Figure 3-13, the PSD function shows a peak in energy density for frequencies about 1.8 to 
2.1 Hz, corresponding to a range of dominant free-surface fluctuation frequencies. Some secondary 
frequency peaks were also seen, e.g., at 0.51 and 1.18 Hz (Fig. 3-13). Herein the dominant and 
secondary free-surface fluctuation frequencies are referred to as Ffs,dom and Ffs,sec. The spectral 
analysis was applied to both data Series 1 and 2. The former focused on the effects of Froude 
number on the data set, while the latter considered the effects of Reynolds number for a give Froude 
number. 
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Figure 3-13 – Smoothed average power spectrum density function of the acoustic displacement 
meter signal – Flow conditions: Q = 0.0461 m3/s, d1 = 0.0322 m, x1 = 1.25 m, x-x1 = 0.4 m, Fr1 = 
5.1, Re = 9.2×104 
 
The longitudinal variations of characteristic frequencies along the channel centreline were 
investigated for the data Series 1. Figure 3-14 shows the dominant and secondary frequencies as 
functions of the relative distance from the roller toe. Herein two symbols connected by a dash line 
represent a range of frequencies when no unique frequency was observed. In Figure 3-14A, the 
dominant characteristic free-surface fluctuation frequencies Ffs,dom are typically between 1.2 and 3.5 
Hz. A slightly lower dominant frequency was observed for a large inflow Froude number or 
Reynolds number. The differences between different longitudinal positions were small to moderate, 
as observed by CHACHEREAU and CHANSON (2011b) with inflow Froude numbers less than 5.1. 
Figure 3-14B shows the secondary characteristic frequency data, giving results between 0.5 and 1.2 
Hz independently of the longitudinal position. The existence of secondary frequencies implied that 
there might be a range of factors contributing to the free-surface fluctuations. This will be discussed 
in the following paragraphs. 
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(A, left) Dominant frequency as a function of relative longitudinal position 
(B, right) Secondary frequency as a function of relative longitudinal position 
Figure 3-14 – Longitudinal distributions of characteristic frequencies of free-surface fluctuations 
(data Series 1) 
 
The dimensionless characteristic frequencies Ffs×d1/V1, also known as Strouhal numbers, are shown 
as functions of the inflow Froude number in Figure 3-15. Both dimensionless dominant and 
secondary frequencies decayed with increasing Froude number. The data were best correlated by 
some exponential decay functions: 
  fs,dom 1 1
1
F d
 = 0.163 exp -0.361 Fr
V
    Dominant frequency (3-2a) 
  fs,sec 1 1
1
F d
 = 0.021 exp -0.187 Fr
V
    Secondary frequency (3-2b) 
Equations (3-2a) and (3-2b) are also shown in Figure 3-15A and 3-15B respectively. 
CHACHEREAU and CHANSON (2011b) measured the free-surface fluctuations with some similar 
instrumentation, and their dimensionless data were correlated by: 
  fs 1 1
1
F d  = 0.143 exp -0.27 Fr
V
    (CHACHEREAU & CHANSON 2011b)  (3-3) 
Equation (3-3) is plotted in Figure 3-15A for comparison. Equation (3-2a) and (3-3) showed a 
similar trend for a wide range of Froude numbers.  
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(A, left) Dominant frequency as a function of inflow Froude number 
(B, right) Secondary frequency as a function of inflow Froude number 
Figure 3-15 – Dimensionless characteristic frequencies of free-surface fluctuations as functions of 
inflow Froude number – Comparison with the results of CHACHEREAU and CHANSON (2011b) 
and ZHANG et al. (2013) 
 
For the secondary characteristic frequencies, the present results were comparable to some previous 
observations, namely the frequency of longitudinal jump toe oscillation Ftoe and frequency of 
downstream ejection of large scale vortices Fej (ZHANG et al. 2013) (Fig. 3-15B). In a hydraulic 
jump, the jump toe oscillated around its mean position while large scale vortices were formed and 
advected downstream in the roller. ZHANG et al. (2013) observed the oscillation frequency Ftoe 
with a video camera in a head view and the vortices ejection frequency Fej through the glass 
sidewall of channel. Their dimensionless forms were documented and correlated with the inflow 
Froude number: 
  toe 1 1
1
F d  = 0.054 exp -0.33 Fr
V
    (ZHANG et al. 2013)  (3-4) 
  ej 1 1
1
F d
 = 0.034 exp -0.26 Fr
V
    (ZHANG et al. 2013)  (3-5) 
Equation (3-4) and (3-5) are plotted in Figure 3-15B, showing results close to Equation (3-2b). It is 
believed that the oscillation of jump toe and the generation and advection of large scale vortices in 
the roller are related to each other (CHANSON 2010, ZHANG et al. 2013). The presence of the 
secondary free-surface fluctuation frequencies with similar distributions implied that the jump toe 
oscillation and vortices advection might also interact with the free-surface fluctuations. 
For the data Series 2, the characteristic free-surface fluctuation frequencies were obtained for a 
26 
given Froude number (Fr1 = 5.1), thus allowing to test the effects of Reynolds number. The results 
are summarised in Figure 3-16, showing the dominant and secondary frequencies on the channel 
centreline as functions of the Reynolds number. The complete data set is presented in Appendix B. 
A range of characteristic frequencies similar to the data Series 1 was observed: that is, the dominant 
frequencies between 1.8 and 3.7 Hz, and the secondary frequencies between 0.4 and 1.7 Hz. Neither 
dimensionless frequency exhibited any obvious variation with the Reynolds number between 
2.1×104 and 1.63×105. The result implied that the inflow Froude number was the dominant factor 
affecting the free-surface fluctuation frequencies, rather than the Reynolds number. On average, the 
present data sets yielded Fsf,dom = 2.55 Hz and Fsf,sec = 0.97 Hz for Fr1 = 5.1. 
 
  
(A, left) Dominant frequency as a function of Reynolds number 
(B, right) Secondary frequency as a function of Reynolds number 
Figure 3-16 – Dimensionless frequencies of the free-surface fluctuation as functions of Reynolds 
number 
 
3.2.3 Wave celerity at the roller free-surface 
When turbulent flow structures formed and were advected in the jump roller, visual observations 
showed that some free-surface fluctuations tended to propagate downstream. Figure 3-17 shows a 
simplified sketch of some surface wave propagation above the roller. The advection velocity of 
large scale vortices in the turbulent shear layer is denoted as Vej, and the wave celerity at the roller 
free-surface is denoted as U. Herein, U was calculated as U = Δx/Δt, where Δx is the longitudinal 
distance between two adjacent vertical displacement meters along the centreline, and Δt is the time 
lag for which a coherent fluctuation structure in the free-surface travelled between the sensor 
positions. Δt was derived from a cross-correlation analysis between the signals of the two sensors. 
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Figure 3-18 shows a typical cross-correlation function based upon the signals of Sensor 10 and 
Sensor 13 (see Fig. 3-17) in the data Series 2. In Figure 3-18, R refers to the normalised correlation 
coefficient and the subscripts refer to the sensor numbers in order. Δt is a positive time lag of the 
maximum correlation coefficient, which yielded U = 1.07 m/s for the data set shown in Figure 3-18. 
 
 
Figure 3-17 – Dimensioned sketch of the cross section of experimental Setup 2 and the propagation 
celerity of free-surface fluctuations – Sensor locations listed in Table 2-2 
 
 
Figure 3-18 – Cross-correlation curve based on the signals of Sensor 10 and Sensor 13 with 
longitudinal separation Δx – Flow conditions: h = 0.030 m, Q = 0.0463 m3/s, d1 = 0.0322 m, x1 = 
1.25 m, Fr1 = 5.1, Re = 9.2×104, Δx = x(S13)-x(S10) = 0.15 m 
 
The free-surface wave celerity was calculated between Sensors 4 & 7, 7 & 10, and 10 & 13 for the 
data Series 2 (Fig. 2-5B & 3-17). The ratio of wave celerity to average inflow velocity U/V1 is 
presented in Figure 3-19 as a function of the Reynolds number. The data were close between 
different sensors, indicating that the free-surface fluctuations propagated at nearly a constant 
celerity. The data U/V1 were nearly independent of Reynolds number, with an average celerity U/V1 
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= 0.39. Figure 3-19 also includes the average advection velocities of large scale vortices in the 
roller Vej/V1 observed by CHANSON (2010) and ZHANG et al. (2013). The data were comparable 
to the present observations, with the mean values of 0.32 and 0.41 respectively. The finding implied 
that the propagation of free-surface fluctuations above the roller was likely related to the advection 
of large scale vortices in the shear layer.  
 
 
Figure 3-19 – Ratio of wave celerity in the free-surface to average inflow velocity – Comparison 
with the average advection velocity of large scale vortices in the shear layer from ZHANG et al. 
(2013) and CHANSON (2010) 
 
3.3 LONGITUDINAL JUMP TOE OSCILLATIONS 
3.3.1 Longitudinal jump toe oscillation: characteristic frequencies 
For the data Series 2, the longitudinal jump toe oscillations were detected from upstream using 
horizontal acoustic displacement meters (Sensors 0, 1 and 2, Fig. 3-20). A sketch and photograph of 
the experimental setup are shown in Figure 3-20. The sensors were mounted at identical height 
above the inflow water surface but different transverse locations, namely, z(S0) = 0, z(S1) = 0.125 m 
and z(S2) = -0.125 m. As the jump front moved back and forth when the jump toe position 
oscillated longitudinally, the changes in distances between sensor heads and jump front were 
recorded continously. 
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(A) Sketch of longitudinal jump toe oscillation measurement: top view (top) and side view (bottom) 
 
(B) Looking downstream at the sensors and jump toe: Q = 0.0472 m3/s, h = 0.030 m, x1 = 1.25 m, 
d1 ~ 0.03 m, Fr1 = 5.1, Re = 9.4×104, shutter speed: 1/80 s (with flash) 
Figure 3-20 – Longitudinal jump toe oscillation measurements 
 
The characteristic oscillation frequencies were deduced from a spectral analysis of the output 
signals. Both dominant and secondary characteristic frequencies were documented, denoted as 
Ftoe,dom and Ftoe,sec respectively. The dimensionless characteristic frequency data on the channel 
centreline are shown in Figure 3-21A as functions of the inflow Froude number, and in Figure 3-
21B against the Reynolds number. Some visual observations of jump toe oscillation frequencies 
were documented by CHANSON (2005), MURZYN and CHANSON (2007), CHANSON (2010), 
CHACHEREAU and CHANSON (2011b) and ZHANG et al. (2013), and the data are plotted in 
Figure 3-21. Most visual observation results were obtained by means of video camera records. 
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(A, left) Dimensionless frequency as a function of inflow Froude number 
(B, right) Dimensionless frequency as a function of Reynolds number 
Figure 3-21 – Dimensionless characteristic frequencies of jump toe oscillation on the channel 
centreline – Comparison with the visual observation results of CHANSON (2005), MURZYN and 
CHANSON (2007), CHANSON (2010), CHACHEREAU and CHANSON (2011) and ZHANG et 
al. (2013) 
 
Some data were obtained with a constant Froude number (Fr1 = 5.1) for different gate openings h, 
hence different Reynolds numbers. Further data were observed with a constant gate opening (h = 
0.020 m) for a range of Froude numbers (Fr1 = 3.8, 5.1, 7.5 & 8.5). The results yielded 
characteristic Strouhal numbers Ftoe,dom×d1/V1 in a range of 0.005 to 0.015. Some dimensionless 
secondary frequencies were also observed, with Strouhal numbers Ftoe,sec×d1/V1 typically higher 
than 0.02. In Figure 3-21A, the data are compared with visual observations of jump toe oscillations. 
All the data were close, but for the data of ZHANG et al. (2013) and CHACHEREAU and 
CHANSON (2010) at low Froude numbers (Fr1 < 4.4). In these two studies, higher frequencies 
were observed at Froude numbers less than 5, with an exponential decay in dimensionless 
frequency with increasing Froude number. 
Figure 3-21B presents the results with Reynolds number between 2.1×104 and 1.63×105. Higher 
dominant frequencies were seen at larger Reynolds numbers, while no effect of the Reynolds 
number is shown in terms of the secondary frequencies. Note that the previous visual observations 
focused on Reynolds numbers less than 1.1×105, and the discrepancies noted in Figure 3-21A were 
also seen in Figure 3-21B. A reason for the differences might be the difficulty of aiming the sensors 
to the jump front of small hydraulic jumps. The complete results for present and previous studies 
are available in Appendix C. 
In summary, the dominant characteristic frequencies of jump toe oscillation Ftoe,dom were within a 
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range corresponding to the secondary characteristic frequencies Ffs,sec observed for the free-surface 
fluctuations, while the secondary jump toe oscillation frequencies Ftoe,sec were in a range 
corresponding to the dominant free-surface fluctuation frequencies Ffs,dom. The two motions are 
illustrated in Figure 3-22. The approximate ranges of their characteristic frequencies are listed in 
Table 3-4. All data were measured with acoustic displacement meters at the centreline. It implied 
that the vertical free-surface fluctuations and horizontal roller oscillations had different inherent 
characteristic frequencies, although they interacted with each other, the influence being reflected by 
some secondary frequencies. It suggested that these two motions were different but not independent 
processes. The physical processes are discussed in the next section. 
 
Table 3-4 – Characteristic frequency ranges of free-surface fluctuations and jump toe oscillations 
measured at centreline 
 
Characteristic parameter Dominant frequency Secondary frequency 
 (Hz) (Hz) 
Free-surface fluctuation (Ffs) 1.2 – 3.5 0.5 – 1.2 
Jump toe oscillation (Ftoe) 0.5 – 1.3 0.8 – 2.6 
 
 
Figure 3-22 – Sketch of free-surface fluctuations and jump toe oscillations of hydraulic jump 
 
3.3.2 Simultaneous horizontal jump toe oscillations and vertical free-surface fluctuations 
The fluctuating motions of the jump roller in horizontal and vertical directions, namely, the jump 
toe oscillation and free-surface fluctuations, were measured simultaneously for the data Series 2 
(Fig. 3-22). The cross-correlation analysis between the sensor signals characterised the 
simultaneous motions of the free-surface in the two directions, depicting a two-dimensional flow 
structure of the jump roller. Two typical cross-correlation functions are presented in Figure 3-23 for 
the same flow conditions. Figure 3-23A shows the cross-correlation function between the signals of 
the horizontal sensor (S0 in Fig. 3-22) and the vertical sensor placed over the first half roller (S7 in 
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Fig. 3-22, with x(S7)-x1 = 0.25 m). Both sensors were located on the channel centreline. Figure 3-
23B shows the cross-correlation function based on the signals of the same horizontal sensor and the 
vertical sensor located over the second half roller (S13 in Fig. 3-22, with x(S13)-x1 = 0.55 m). Herein 
the correlated signals corresponded to the water depth deduced from the original voltage outputs for 
the vertical direction, and the relative longitudinal position of the jump front for the horizontal 
direction: i.e., an upstream movement of the jump toe corresponded to a decreasing voltage signal. 
For the data presented in Figure 3-23, a cross-correlation analysis was applied to six non-
overlapping signal segments sampled at 50 Hz for 300 s, and the averaged correlation function is 
presented. Note that the absolute values of the correlation functions might be affected by some 
outside interference including electrical noise from the data acquisition system or long-term 
movements of jump roller. Hence the relative correlation coefficient R was considered in the 
resulting discussion. In Figure 3-23A, a sharp increase of the correlation coefficient R07 is seen 
around τ = 0: i.e., Rmax > 0. This relative-positive peak indicates that the free-surface elevation 
increased when the jump toe moved upstream, and decreased when the jump toe moved 
downstream at the position of the vertical sensor (x-x1 = 0.25 m). In Figure 3-23B, the correlation 
yielded a sharp decrease of correlation coefficient R013: i.e., Rmax < 0. The relative-negative peak 
means that the water level at the corresponding position (x-x1 = 0.55 m) decreased when the jump 
toe moved upstream and increased in the opposite way.  
 
  
(A, left) Correlation function between horizontal and vertical sensors (x-x1 = 0.25 m) 
(B, right) Correlation function between horizontal and vertical sensors (x-x1 = 0.55 m) 
Figure 3-23 – Cross-correlation functions between the signals of horizontal and vertical sensors – 
Flow conditions: h = 0.030 m, Q = 0.0463 m3/s, d1 = 0.0322 m, x1 = 1.25 m, Fr1 = 5.1, Re = 9.2×104 
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Figure 3-24 – Relative maximum cross-correlation coefficient between the signals of horizontal and 
vertical sensors as a function of the longitudinal position 
 
 
Figure 3-25 – Sketch of relative motions of jump toe and free-surface 
 
For the investigated flow conditions, the relative maximum or minimum cross-correlation 
coefficients ΔRmax around τ = 0 were documented. Figure 3-24 presents the results at longitudinal 
positions corresponding to the vertical sensors. The data show both positive and negative relative 
correlation coefficients depending upon the longitudinal sensor location: namely ΔRmax > 0 for (x-
x1)/d1 < 11 and ΔRmax < 0 for (x-x1)/d1 > 11. The corresponding motions of the jump front and free-
surface revealed by the correlation analysis are briefly sketched in Figure 3-25. The findings 
implied that the rapid jump toe oscillation was associated with the instantaneous deformation of the 
roller free-surface, rather than a plain roller translation. Since the production and advection of large 
scale vortices are responsible for the longitudinal hydraulic jump toe oscillations, the findings 
hinted for some coupling between the air entrapment and instantaneous free-surface deformation. 
 
3.3.3 Simultaneous jump toe oscillations at various transverse locations  
The transverse perimeter of the hydraulic jump toe was observed using video cameras and a series 
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of typical perimeter profiles were documented, as shown in Figure 3-26 and sketched in Figure 3-27. 
The impingement perimeter data suggested the presence of transverse wave patterns with 
dimensionless wave length lw/W between 2/3 and 2, where W is the channel width. The fluctuations 
in impingement perimeter transverse profile were significant and increased with increasing Froude 
number. Though several typical profile types were exhibited instantaneously, the time-averaged 
profile was nearly straight along the transverse direction, especially for -0.6 < z/(W/2) < 0.6 where z 
is the transverse distance from the channel centreline (ZHANG et al. 2013). For example, Figure 3-
28 shows a comparison between the median jump toe perimeter (over 10 s) and some instantaneous 
profiles. 
 
 
(A) (B) (C) (D) 
   
(E) (F) (G) 
Figure 3-26 – Photographs of typical jump toe perimeter taken independently from overhead – Flow 
conditions: Q = 0.0380 m3/s, d1 = 0.0254 m, x1 = 0.5 m, Fr1 = 6.0, Re = 7.6×104. Flow direction 
from left to right 
 
       
(A) (B) (C) (D) (E) (F) (G) 
Figure 3-27 – Sketch of the typical transverse jump toe profiles 
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Figure 3-28 – Instantaneous and median impingement perimeter transverse profiles – Flow 
conditions: Q = 0.0380 m3/s, d1 = 0.0254 m, x1 = 0.5 m, Fr1 = 6.0, Re = 7.6×104 
 
The transverse jump toe structure was investigated based upon horizontal displacement meters at 
three transverse positions, as sketched in Figure 3-20. The displacement meters detected the 
longitudinal motions of the jump toe from upstream, and a cross-correlation analysis between the 
signals provided a measure between their simultaneous motions. The transverse locations of the 
displacement meters were: z(S0)/(W/2) = 0 (centreline), z(S1)/(W/2)  = 0.5 and z(S2)/(W/2) = -0.5, 
where the channel width W was 0.5 m. The data yielded cross-correlation functions with shapes 
similar to that in Figure 3-23A. A relative maximum correlation coefficient ΔRmax > 0 was seen 
around τ = 0. This maximum correlation coefficient reflected that some simultaneous motions of the 
jump toe were recorded at different transverse positions. Figure 3-29 shows the relative maximum 
correlation coefficients Rmax as a function of the inflow Froude number (Fig. 3-29A) and the 
Reynolds number (Fig. 3-29B). Herein, ΔR01,max corresponded to the relative maximum correlation 
between the sensor at centreline (S0) and the sensor  (S1) at z = 0.125 m, and ΔR02,max corresponded 
to that between the central sensor (S0) and the sensor (S2) at z = -0.125 m. In Figure 3-29A, the data 
were obtained with the same upstream sluice opening h = 0.02 m; the corresponding Reynolds 
numbers were in a range of 3.5×104 < Re < 8.0×104. The results show that ΔRmax increased with 
increasing Froude number. The data in Figure 3-29B were obtained with the same Froude number 
Fr1 = 5.1. They are shown to increase with increasing Reynolds number for Re < 1.1×105. The 
results in Figure 3-29 indicated that a greater amount of simultaneous transverse motions was 
recorded at given transverse positions for both larger Froude and Reynolds numbers. It might also 
imply that the jump toe was the focus of large coherent transverse structures. Note that the close 
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values of ΔR01,max and ΔR02,max were the result of a symmetrical flow pattern about the centreline.  
 
  
(A, left) ΔRmax as a function of inflow Froude number (h = 0.02 m) 
(B, right) ΔRmax as a function of Reynolds number (Fr1 = 5.1) 
Figure 3-29 – Relative maximum cross-correlation coefficients between the signals of horizontal 
sensors at different transverse locations 
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4 EXPERIMENTAL RESULTS. (2) COUPLING BETWEEN FREE-SURFACE 
AND AIR-WATER FLOW PROPERTY FLUCTUATIONS 
4.1 PRESENTATION 
4.1.1 Void fraction 
The air-water flow properties of hydraulic jumps were studied systematically with intrusive 
conductivity probes. This type of probe detects the air-water interfaces, and the instantaneous void 
fraction is deduced from the probe signal. The vertical distributions of time-averaged void fraction 
were recorded along the jump roller on the channel centreline and Figure 4-1 presents some typical 
results. The void fraction data showed two distinct flow regions, namely the shear layer between the 
channel bed and the elevation y* of local minimum void fraction, and the free-surface region 
between y* and the upper free-surface, in which the void fraction increased monotonically with 
distance from the invert (Fig. 4-2). Figure 4-2 presents a definition sketch of the water column and 
void fraction distribution. The shear layer was characterised by the advection of highly-aerated 
vortices generated at the impingement point. In this shear region, the void fraction increased from 
about 0 at the channel bed to a local maximum Cmax with increasing elevation, then decreased to the 
local minimum at y* (Fig. 4-1). The free-surface region was characterised by some flow 
recirculation near the free-surface and spray and splashing above the surface, the void fraction 
increasing from the local minimum C* to unity. 
In the shear layer, the air bubble distribution followed an analytical solution deduced from a 
classical two-dimensional diffusion equation (CRANK 1956): 
 
2
1 t 2
C CV  = D
X y
     (4-1) 
where V1 is the inflow velocity, Dt is the air bubble diffusivity, C is the void fraction, y is the 
vertical elevation and X = x-x1+ur/V1×y with x the longitudinal coordinate, x1 the jump toe position 
and ur the bubble rise velocity which is assumed constant (CHANSON 2010). Equation (4-1) 
assumes implicitly an uniform velocity field and constant diffusivity. Note that the compressibility 
effects were neglected, steady flow conditions were assumed, and the buoyancy effect was taking 
into account in the definition of X (CHANSON 2010). An analytical solution of Equation (4-1) was 
achieved with the boundary condition of jump toe acting as a point source of air, i.e. C = Qair/Q at 
(x-x1 = 0, y = d1) where Qair is the entrained air volume, Q is the air-water volume and d1 the inflow 
depth. The application of the method of images gave the following solution: 
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Figure 4-1 – Vertical distributions of time-averaged void fraction in hydraulic jumps – Flow 
conditions: Q = 0.0333 m3/s, d1 = 0.020 m, x1 = 0.83 m, Fr1 = 7.5, Re = 6.6×104 
 
 
Figure 4-2 – Sketch of time-averaged void fraction distribution in jump roller  
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where X’ = X/d1, y’ = y/d1, and D# is dimensionless diffusivity: D# = Dt/(V1×d1). Equation (4-2) 
may be simplified in first approximation into: 
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where yCmax is the elevation of local maximum void fraction Cmax in the shear layer (CHANSON 
1995, 1997a). In Equation (4-3), the inclusion of yCmax corrects for the underestimated buoyancy 
effect (CHANSON 2010). 
The maximum void fraction Cmax in the shear layer was observed to decrease with increasing 
longitudinal distance from the jump toe. The experimental data showed an exponential decay: 
 
1
max
1
x-xC  = A×exp -B×
d
        (4-4) 
where A and B are the best-fitted coefficients. The values of the coefficients A and B were shown 
to be related to the inflow Froude number but almost independent of the Reynolds number: 
 
1A = 0.436+0.014×Fr
 Present data  (4-5a) 
  1B = 0.911×exp -0.335×Fr  Present data  (4-5b) 
That is, the maximum void fraction Cmax was a function of the longitudinal position and inflow 
Froude number: 
     1max 1 1
1
x-xC  = 0.436+0.014 Fr exp - 0.911 exp -0.335 Fr
d
                (4-6) 
The elevations of local maximum and minimum void fractions, yCmax and y* respectively, were 
observed to increase with increasing longitudinal position. The experimental data were best fitted 
by some linear correlations: 
 
maxC 1
1 1
y x-x = 1.479+0.084
d d
  (4-7) 
 
1
1 1
x-xy*  = 1.860+0.156
d d
  (4-8) 
 
4.1.2 Interfacial velocity and entrapped air flux 
The interfacial velocity was deduced from a cross-correlation analysis of the double-tip phase-
detection probe signals in the aerated flow region. It was calculated as V = Δxtip/T, where Δxtip is 
the longitudinal separation distance between the two probe sensor tips and T is the time lag for the 
maximum cross-correlation coefficient between the signals of two probe sensors, thus the average 
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interfacial travel time from leading to trailing tips. A Prandtl-Pitot tube was used to measure the 
clear-water velocity in the lower shear layer region, where the void fraction was typically less than 
0.05 and the accuracy of phase-detection probe was limited. A typical velocity profile is shown in 
Figure 4-3. Altogether, the velocity data exhibited some profiles similar to with a wall jet flow 
(RAJARATNAM 1965, CHANSON 2010): 
 
max
1
N
max V
V y = 
V y
      for maxV
y
y  < 1   (4-9a) 
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y
y  < 3 to 4   (4-9b) 
where Vmax is the maximum velocity at the measured cross section in the shear layer and yVmax is 
the corresponding elevation, N is a constant, Vrecirc is recirculation velocity in the upper free-surface 
region and y0.5 is the elevation where V = Vmax/2. The recirculation velocity Vrecirc was found nearly 
uniform at a given longitudinal position across the recirculation region, while N = 10 typically (Fig. 
4-3). Although the cross-correlation analysis does not provide meaningful results in the region 
where the interfacial velocity was about zero, some statistical analysis of instantaneous time lag in 
the raw probe signals supported the continuous velocity profile prediction by showing small 
average velocity close to y(V = 0). Note that the elevation y(V = 0) differed slightly from the 
characteristic elevation y*. 
 
 
Figure 4-3 – Typical interfacial velocity profile – Flow conditions: Q = 0.0378 m3/s, d1 = 0.020 m, 
x1 = 0.83 m, x-x1 = 0.25 m, Fr1 = 8.5, Re = 7.5×104 
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Based upon the void fraction and velocity measurements, the entrapped air flux in the jump roller 
was derived from the equation of conservation of mass for the air phase: 
 
90y
ent
y=0
q = C×V×dy  (4-10a) 
In presence of some distinct flow recirculation (V < 0) in the upper roller region, the air flux qent 
was calculated in two flow region: (a) for 0 < y < y(V = 0) and (b) for y(V = 0) < y < y90, where the 
characteristic elevation y90 = y(C = 0.9) was considered as an upper free-surface elevation estimate: 
 
y(V=0)
(a)
ent
y=0
q = C×V×dy > 0  (4-10b) 
 
90y
(b)
ent
y(V=0)
q = C×V×dy < 0  (4-10c) 
Equation (4-10b) characterised the air flow rate entrained in the shear region, while Equation (4-10c) 
described the recirculation air flux in the upper region, assuming a uniform recirculation velocity. 
Note that y90 was consistently higher than the time-averaged free-surface elevation . The 
recirculation air flux was calculated across a recirculation zone encompassing both bubbly and 
spray regions. 
The longitudinal distributions of entrained and recirculation air fluxes are plotted in Figure 4-4A, 
together with the best fit correlation functions: 
 
(a)
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             for y(V = 0) < y < y90  (4-11b) 
The positive air flux in the shear region (0 < y < y(V = 0)) was shown to decrease with increasing 
distance from the jump toe, as the air bubbles were diffused and dispersed by turbulent shear. Air 
bubbles were observed to be driven into the upper recirculation region by buoyancy as they were 
advected in the streamwise advection. In the recirculation region (y(V = 0) < y < y90), the air flux 
was negative, and its magnitude increased rapidly within 0 < x-x1 < 0.3×Lr, and sightly increased 
over the rest roller length. Interestingly the characteristic location x-x1= 0.3×Lr corresponded to the 
first half of the roller where the free-surface fluctuations were maximum (Fig. 3-10 & 3-11). 
Both qualitative trend and quantitative data suggested some significant air entrapment at the jump 
toe (Fig. 4-4). Further downstream, the aeration rate still appeared to be higher than the de-aeration 
rate, because the air flux in the recirculation region was larger than that in the shear layer. The 
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finding implied that the air entrapment flux was not the only source of the recirculating negative 
flux, suggesting further air entrainment through the roller free-surface. This is illustrated in Figure 
4-4B, highlighting the singular air entrapment at the impingement perimeter as well as the 
interfacial aeration through the roller free-surface. 
Overall the data suggested that the flux of air entrapment at jump toe was roughly 30% of the water 
discharge for 5.1 < Fr1 < 10 and all entrapped air was advected into the shear layer. In most cases, 
the total absolute air flux |qent| = |qent(a)|+|qent(b)| reached a maximum at x-x1= 0.3×Lr, as additional 
aeration took place through the free-surface of the roller. 
 
(x-x1)/Lr
q e
nt
/(Q
/W
)
0 0.1 0.2 0.3 0.4 0.5 0.6
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
Fr1 = 7.5,   Re = 6.8104
Fr1 = 8.5,   Re = 8.0104
Fr1 = 10.0, Re = 9.5104
Fr1 = 5.1,   Re = 9.2104
Fr1 = 7.5,   Re = 1.4105
Equation (11a)
Equation (11b)
 
(A) Entrapped air flux data in the jump roller 
 
(B) Definition sketch 
Figure 4-4 – Air entrainment and entrapped air flux in the hydraulic jump roller 
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4.2 SIMULTANEOUS FREE-SURFACE AND VOID FRACTION MEASUREMENTS 
4.2.1 Experimental setup and data processing 
The relationship between the local air-water properties and free-surface fluctuations in hydraulic 
jumps was investigated using simultaneously a double-tip conductivity probe and acoustic 
displacement meters (Fig. 4-5). The instantaneous void fraction in the jump roller together with the 
horizontal and vertical motions of the roller surface were measured simultaneously. Figure 4-5 
shows a sketch of the experimental setup. At a longitudinal position x, the probe was positioned at a 
distance y above the invert. The vertical sensor (S1) was aligned above the leading tip of the probe, 
recording the vertical fluctuations of the free-surface. The horizontal sensor (S0) was placed above 
the inflow surface, detecting the longitudinal motion of the jump roller. 
The displacement meters and phase-detection probe were sampled simultaneously at 5 kHz for 180 
s. In previous experiments by MURZYN and CHANSON (2009) and CHACHEREAU and 
CHANSON (2011b) without a horizontal displacement meter, the sampling durations were 12 s and 
45 s respectively. The present experiments were performed with the same inflow Froude number 
Fr1 = 5.1 for three Reynolds numbers: Re = 4.7×104, 9.2×104 and 1.4×105 (Table 4-1). The 
measurements were carried out at two longitudinal positions close to the jump toe, i.e. (x-x1)/h = 
4.15 and 8.3. Table 4-1 summarises the flow conditions and acoustic displacement meter positions. 
The data processing was similar to that of MURZYN and CHANSON (2009) (1). The erroneous 
spikes in raw displacement meter signals were removed. The voltage signals of displacement meters 
were converted into water depth according to the calibration data. The raw phase-detection probe 
signal was also converted into a binary file of instantaneous void fraction c, with c = 0 for water and 
c = 1 for air. All signals were then filtered with a low-pass band (0-25 Hz) to eliminate the high-
frequency signal component with a period less than the response time of the sensors. The low-pass 
filtered signals were smoothed over 100 points. Figure 4-6 shows various stages of data processing. 
Note that ηx corresponded to the relative jump front position in horizontal dimension. The 
directions of ηx and ηy are defined in Figure 4-5. 
 
4.2.2 Instantaneous void fraction and free-surface motion measurements 
Cross-correlation analyses were performed between the processed displacement meter signals and 
signal of conductivity probe leading tip. The signals were divided into six non-overlapping 
segments, and the cross-correlation functions were averaged. The correlation coefficient between 
                                                 
1 CHACHEREAU and CHANSON (2011b) used the same data processing. 
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the horizontal free-surface position (i.e. ηx deduced from the horizontal displacement meter signal) 
and instantaneous void fraction data was denoted as Rxc, while that between the vertical water 
elevation and instantaneous void fraction was denoted as Ryc. For the investigated flow conditions, 
the cross-correlation functions exhibited some common features at similar elevations of probe. For 
example, Figure 4-7 shows a series of cross-correlation functions Ryc recorded at the elevation of 
maximum time-averaged void fraction in the shear layer (y = yCmax). All cross-correlation functions 
showed a positive maximum correlation coefficient at around  = 0. 
 
 
Figure 4-5 – Sketch of the setup of simultaneous measurements of void fraction and free-surface 
motions 
 
Table 4-1 – Experimental flow conditions and acoustic displacement meter positions for 
simultaneous measurements of void fraction and free-surface motions 
 
Q h x1 d1 Fr1 Re y(S0) x(S1)-x1 
(m3/s) (m) (m) (m)   (m) (m) 
0.0244 0.020 0.83 0.0206 5.1 4.7×104 0.046 0.083 
       0.167 
0.0463 0.030 1.25 0.0322 5.1 9.2×104 0.055 0.125 
       0.250 
0.0701 0.040 1.25 0.0425 5.1 1.4×105 0.075 0.167 
       0.333 
 
Notes: Q: flow rate; h: sluice opening; x1: longitudinal jump toe position; d1: inflow depth; Fr1: 
inflow Froude number; Re: Reynolds number; x: longitudinal position; x1: longitudinal jump toe 
position; y: elevation from the channel bed. 
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(A) Raw signals (B) Spike-removed water depth signals and 
binary void fraction signal 
  
(C) Low-pass band filtered signals (D) Smoothed signals 
Figure 4-6 – Data processing for displacement meter signals and phase-detection probe signal – 
Flow conditions: Q = 0.0463 m3/s, d1 = 0.0322 m, x1 = 1.25 m, Fr1 = 5.1, Re = 9.2×104, x(S1)-x1 = 
0.125 m, y = 0.040 m 
 
Different types of cross-correlation functions were observed when the phase-detection probe 
elevation varied within the jump roller. Some typical results in terms of Rxc are shown in Figure 4-
8, and some in terms of Ryc are shown in Figure 4-9. The corresponding elevations are also 
presented respectively. All results were obtained with the same experimental flow conditions (Fr1 = 
5.1, Re = 1.4×105). 
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Figure 4-7 – Cross-correlation function between vertical displacement meter signal and phase-
detection probe signal at y = yCmax 
 
Figure 4-8 presents some typical cross-correlation functions calculated between the horizontal free-
surface position ηx and instantaneous void fraction c. The results characterised some simultaneous 
changes in the instantaneous longitudinal jump front position and local void fraction at various 
elevations. The shape of the correlation function changed gradually from channel bed to free-
surface (Fig. 4-8B to 4-8F). In most cases, a maximum or minimum correlation coefficient was 
clearly seen. Figure 4-8B and 4-8F highlight two typical correlation functions obtained in the lower 
shear layer and recirculation region respectively. In the lower shear layer, a positive maximum 
correlation coefficient was observed at around τ = 0 (Fig. 4-8B). This result suggested that the 
instantaneous void fraction increased when the jump toe moved upstream. A sketch of this 
corresponding motion is shown in Figure 4-10A, and the opposite motion is shown in Figure 4-10B. 
Note that the time-averaged void fraction was relatively low in this region (i.e. C < 0.1). In Figure 
4-8F, a negative peak correlation coefficient was seen in the recirculation region. This minimum 
value was found with a negative time lag τ < 0. It implied that an increase in void fraction was 
followed by a downstream motion of jump toe (Fig. 4-10C) and vice versa (Fig. 4-10D). 
Figure 4-9 shows some typical correlation functions between the vertical free-surface elevation ηy 
and instantaneous void fraction c. In Figure 4-9, the vertical elevations y were identical to those for 
the data shown Figure 4-8. Figure 4-9B presents a typical correlation function in the shear layer, 
with a positive peak at about τ = 0. Herein such a positive peak was seen in the lower shear layer (C 
< 0.1). In some other cases, it was also observed in the upper shear layer (0.1 < C < 0.4). The 
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positive peak means the local void fraction increased simultaneously with increasing water 
elevation above. The void fraction in this region characterised the air entrainment at the 
impingement point. Hence the result reflected some flow bulking when air bubbles were entrapped 
into the shear layer, as sketched in Figure 4-10A. In Figure 4-9F, the other typical type of 
correlation function with a negative peak at τ = 0 is shown near the free-surface. It indicated a 
simultaneous decrease in water level and increase in void fraction hence in amount of detected air 
(Fig. 4-10C). Near the free-surface, this was the result that the probe tip was exposed in air as the 
water surface fluctuated downwards, and was re-submerged as the water surface fluctuated upwards. 
Figure 4-9C to 4-9E present the transitional stages between these two types of correlation functions. 
 
 
 
(A) Time-averaged void fraction profile and 
measurements elevations 
(B) y/d1 = 0.71 (y = 0.030 m) 
 
(C) y/d1 = 1.06 (y = 0.045 m) (D) y/d1 = 1.76 (y = 0.075 m) 
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(E) y/d1 = 2.35 (y = 0.100 m) (F) y/d1 = 2.59 (y = 0.110 m) 
Figure 4-8 – Cross-correlation functions between instantaneous horizontal jump front position and 
void fraction – Flow conditions: Q = 0.0701 m3/s, d1 = 0.0425 m, x1 = 1.25 m, x-x1 = 0.167 m, Fr1 = 
5.1, Re = 1.4×105 
 
 
 
(A) Time-averaged void fraction profile and 
measurements elevations 
(B) y/d1 = 0.71 (y = 0.030 m) 
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(C) y/d1 = 1.06 (y = 0.045 m) (D) y/d1 = 1.76 (y = 0.075 m) 
(E) y/d1 = 2.35 (y = 0.100 m) (F) y/d1 = 2.59 (y = 0.110 m) 
Figure 4-9 – Cross-correlation functions between instantaneous vertical jump front position and 
void fraction – Flow conditions: Q = 0.0701 m3/s, d1 = 0.0425 m, x1 = 1.25 m, x-x1 = 0.167 m, Fr1 = 
5.1, Re = 1.4×105 
 
The vertical distributions of the maximum cross-correlation coefficients Rxc,max and Ryc,max are 
presented in Figure 4-11, together with the time-averaged void fraction C. The graphs show the 
results at two longitudinal positions for three experiments with the same Froude number (Fr1 = 5.1) 
but different Reynolds numbers. Basically both Rxc,max and Ryc,max were positive in the lower shear 
layer, approximately 0 < y < y(C = 0.1), and negative in the recirculation region (y > y*). In 
between (i.e. y(C = 0.1) < y < y*), the maximum correlation coefficients Rxc,max and Ryc,max 
exhibited opposite signs: that is, Rxc,max < 0 and Ryc,max > 0. An example of correlation functions 
with opposite sign maximum values is shown in Figure 4-12, the void fraction (C = 0.294) being 
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recorded at y/d1 = 1.49. The opposite signs might indicate that the void fraction in the shear layer 
increased together with a downstream moving jump toe and raised free-surface elevation above the 
roller, as sketched in Figure 4-13.  
This finding was not shown in Section 3.3.2 when horizontal and vertical free-surface fluctuations 
were directly correlated to each other (e.g. Fig 3-25). When the horizontal and vertical fluctuations 
were correlated to the instantaneous void fraction respectively, the results may characterise the 
impact of large, highly-aerated vortices advected in the shear layer. In turn the coupling between the 
free-surface fluctuations and instantaneous void fraction may vary with elevations. This can be seen 
by comparing Figure 4-13 with Figure 4-10A and 4-10C, noting the different elevations of phase-
detection probe. 
The flow patterns sketched in Figure 4-13 highlight the impacts of the advection of a large scale 
vortex in the shear layer. The large eddies can trap bubbles by inertia, and their production and 
advection are associated by a rapid downstream motion of the jump toe and a bulking of the water 
column. 
 
  
  
Figure 4-10 – Simultaneous free-surface motion and instantaneous void fraction at different 
elevations: (A, top left) Rxc > 0, Ryc > 0, void fraction increases in lower shear layer; (B, top right) 
Rxc > 0,Ryc > 0, void fraction decreases in lower shear layer; (C, bottom left) Rxc < 0,Ryc < 0, 
void fraction increases in recirculation region; (D, bottom right) Rxc < 0,Ryc < 0, void fraction 
decreases in recirculation region 
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(A) Fr1 = 5.1, Re = 4.7×104, (x-x1)/d1 = 4.03 (B) Fr1 = 5.1, Re = 4.7×104, (x-x1)/d1 = 8.06 
 
(C) Fr1 = 5.1, Re = 9.2×104, (x-x1)/d1 = 3.88 (D) Fr1 = 5.1, Re = 9.2×104, (x-x1)/d1 = 7.76 
(E) Fr1 = 5.1, Re = 1.4×105, (x-x1)/d1 = 3.93 (F) Fr1 = 5.1, Re = 1.4×105, (x-x1)/d1 = 7.84 
Figure 4-11 – Vertical distribution of the maximum cross-correlation coefficient of the 
instantaneous water depth to void fraction, compared to the void fraction distribution 
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Figure 4-12– Opposite maximum correlation coefficients: Rxc,max < 0, Ryc,max > 0 – Flow 
conditions: Q = 0.0463 m3/s, d1 = 0.0322 m, x1 = 1.25 m, x-x1 = 0.125 m, Fr1 = 5.1, Re = 9.2×104, y 
= 0.048 m, C = 0.294 
 
 
Figure 4-13 – Sketch of simultaneous free-surface motions when instantaneous void fraction 
measured in upper shear layer (0.1 < C < 0.4) 
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5. CONCLUSION 
The free-surface fluctuations and air-water flow properties of turbulent hydraulic jumps were 
investigated physically in a relatively large size facility. Both non-intrusive acoustic displacement 
meters and intrusive phase-detection probe were used. Three series of experiments were performed 
with different setups and various flow conditions. In Series 1, six displacement meters were aligned 
on the channel centreline above the jump and sampled simultaneously. The inflow Froude number 
varied from 3.8 to 10.0. In Series 2, three sensors were placed above the supercritical inflow water 
surface at different transverse positions. The sensor heads faced horizontally the jump front from 
upstream. A further twelve sensors were arranged above the jump roller. Most flow conditions had 
an inflow Froude number 5.1 and the Reynolds number ranged from 2.1×104 to 1.6×105. In Series 3, 
a pair of vertical and horizontal displacement sensors was used together with a phase-detection 
probe. The two-dimensional free-surface fluctuations were measured simultaneously with the air-
water flow properties in the jump roller. 
The time-averaged free-surface profile was recorded for the data Series 1. Some self-similar profile 
was observed within the length of the roller. The free-surface fluctuations were maximum in the 
first half of the roller and increased with increasing inflow Froude number. Some long-period 
longitudinal movement of the jump was recorded. The time that the jump toe departed from its 
mean position reached up to 400 s and the distance was recorded up to 0.3 m away from the mean 
position. 
The free-surface fluctuations were thoroughly documented. The characteristic fluctuation 
frequencies were analysed for both data Series 1 and 2 based on different similitude criteria. 
Spectral analysis showed some dominant characteristic frequencies together with some secondary 
frequencies. The dimensionless frequencies decayed exponentially with increasing Froude number, 
but were independent of the Reynolds number. The exponential decay of dominant frequencies was 
in agreement with previous measurement of free-surface fluctuations, while the secondary 
frequency data showed some trend comparable to the observations of jump toe oscillation and large 
vortex advection in the shear layer. The wave celerity at the free-surface was estimated on the 
channel centreline for the data Series 2. The ratio of wave celerity to inflow velocity equalled 
approximately 0.4, somewhat similar to the observed advection velocity of large scale vortices in 
the shear layer. 
The longitudinal jump toe oscillations were measured with horizontal acoustic displacement meters 
for the data Series 2. Characteristic frequencies of the oscillation were obtained. Cross-correlation 
analysis on simultaneous horizontal and vertical fluctuations yielded some relative maximum 
correlation coefficient greater than zero for (x-x1)/d1 < 11 and relative minimum correlation 
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coefficient less than zero for (x-x1)/d1 > 11. The findings indicated that the longitudinal jump toe 
oscillation was associated with a rapid deformation of the roller free-surface profile in response to 
the production and advection of large scale vortices, rather than a simple translation. Some 
simultaneous jump toe motion was also recorded at various transverse locations. 
Simultaneous measurements of jump toe oscillations, free-surface fluctuations and instantaneous 
void fraction revealed some relationships between the free-surface and air-water flow properties. 
The results suggested that, at longitudinal positions close to the jump toe, the air entrapment 
increased in the lower shear layer when the roller moved upstream, whereas it decreased in the 
recirculation region. Between the lower shear layer and recirculation region, when an increasing 
amount of air was detected, the jump toe tended to move downstream while the free-surface was 
raised above the roller. The overall flow patterns were likely linked with the formation and 
advection of large-scale, highly aerated vortices in the shear layer. 
The entrapped air flux in the roller was estimated based upon the detailed void fraction and velocity 
distribution measurements. The results showed some major air entrapment at the impingement point 
and further aeration at the roller free-surface. The air entrapment rate at the jump toe was estimated 
to be about 30% of the water discharge. 
Overall, the complex turbulent nature of hydraulic jumps contains a large number of characteristic 
parameters which are often related to each other. The present study provided some new information 
on the interactions between the dynamic features and two-phase properties. Comparison with 
previous studies made the present results more comprehensive. Further investigations of air-water 
flow properties will be carried out to complement the current data sets. 
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APPENDIX A – FREE-SURFACE PROFILE MEASUREMENTS 
 
The free-surface profile of a hydraulic jump was outlined with the water elevations measured along 
the channel centreline. Acoustic displacement meters were used over the jump. The distance 
between the sensor head and water surface was measured by the displacement meter emitting an 
acoustic beam. The beam reached the detected water surface, being reflected and received by the 
sensor again. The distance was derived from the travel time of the beam. All the acoustic 
displacement meters were calibrated on-site. The experimental setups are sketched in Figure A-1 
and introduced in detail in Section 2.2. The displacement meters were numbered from 0 to 14. 
Sensor 0 (Mic+35/IU/TC) had a measurement range of 60 – 350 mm and response time less than 70 
ms, and the rest (Mic+25/IU/TC) had a measurement range of 30 – 250 mm and response time less 
than 50 ms. In the experimental Setup 1 and 2, the displacement meters scanned in 50 Hz. The 
scanning duration varied with flow conditions. For some severely turbulent flows, the length of 
scanning time was restricted because of the continuous contamination on the sensor head by the 
splashing water droplets. In this case, more experiments with identical conditions were repeated to 
achieve a sufficient data size. 
 
   
(A) Setup 1 (B) Setup 2 (C) Setup 3 
Figure A-1 – Sketch of the experimental setups 
 
Notation 
d1 water depth (m) immediately upstream the jump toe; 
Fr1 inflow Froude number; 
h opening of the upstream undershoot sluice (m); 
Q flow rate (m3/s); 
Re Reynolds number; 
Si acoustic displacement meter numbered i; 
V voltage (V); 
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x longitudinal position (m) apart from the upstream sluice; 
x1 longitudinal jump toe position (m); 
η elevation above the channel bed (m); 
η’ standard deviation of the elevation η (m) 
 
A.1 CALIBRATION OF ACOUSTIC DISPLACEMENT METERS 
The acoustic displacement meter recorded voltage data, reflecting the travel time of acoustic beam 
in air. The voltage signal was linearly related to the detected water depth. During the experiments, 
the positions of the sensors were adjusted to keep the water surface within the measurement range. 
All the sensors were calibrated on-site after change of positions. Table A-1 reports the calibration 
data of the six sensors in Setup 1 with the sluice opening h = 0.030 m. The water depth was 
measured with a point gage. The calibration lines are shown in Figure A-2. The high correlation 
coefficients and low standard errors indicated reliable linear relationships between the voltage 
signal and water depth within the measurement range. 
 
Table A-1 – Calibration of the acoustic displacement meters in experimental Setup 1 
 
water depth voltage (V) 
 (mm) S0 S1 S2 S3 S4 S5 
130.5 5.615 4.644 6.116 7.301 7.667 7.715 
169.3 4.832 3.480 4.907 6.319 6.687 6.730 
188.4 4.448 2.916 4.332 5.847 6.212 6.254 
225.2 3.690 1.787 3.198 4.910 5.281 5.325 
255.5 3.078 0.879 2.266 4.142 4.518 4.560 
296.5 2.213 -- 1.047 3.076 3.456 3.488 
correlation coefficient 0.99997 0.99999 0.99997 0.99998 0.99998 0.99997 
standard error 0.01121 0.00889 0.01519 0.01146 0.00988 0.01277 
 
Note: Si (i = 0, …, 14): acoustic displacement meter sensors numbered from 0 to 14 
 
The linear relationship given by the calibration curves was expressed as η = a+bV, where η is the 
water elevation above the invert in meter and V is the voltage. The factor a  varied with the sensor 
position, while the factor b , namely the gradient of the calibration line ΔV/Δη, was an inherent 
constant of each sensor. The values of b  for all sensors used in present study are listed in Table A-
2. 
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Figure A-2 – Calibration curves for acoustic displacement meters 
 
Table A-2 – Ratio ΔV/Δη for acoustic displacement meters used in present study 
 
 S0 S1 S2 S3 S4 S5 S6 S7 
b = ΔV/Δη -0.0491 -0.0332 -0.0327 -0.0397 -0.0396 -0.0395 -0.0397 -0.0394 
  S8 S9 S10 S11 S12 S13 S14 
b = ΔV/Δη  -0.0392 -0.0393 -0.0395 -0.0354 -0.0394 -0.0397 -0.0394 
 
Note: Si (i = 0, …, 14): acoustic displacement meter sensors numbered from 0 to 14; V: voltage; η: 
water elevation above the invert 
 
A.2 FREE-SURFACE PROFILE AND FLUCTUATIONS 
The time-averaged free-surface profile and its fluctuations were recorded for the experimental Setup 
1. Six acoustic displacement meters were placed along the channel centreline above the jump to 
record the instantaneous water elevation. One Mic+35/IU/TC sensor was over the inflow free-
surface, and the other five Mic+25/IU/TC sensors were over the jump roller downstream the 
impingement point. Some post-processing including removal of erroneous signals and conversion 
of voltage to water depth yielded the time-averaged water elevation η and standard deviation η’ at 
corresponding positions. The results are reported in Table A-3. 
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Table A-3 – Water elevations and fluctuations at the centreline 
 
Q h x1 d1 Fr1 Re x-x1 η η’ 
(m3/s) (m) (m) (m)   (m) (m) (m) 
0.0179 0.020 0.83 0.0206 3.8 3.5×104 -0.15 0.0218 0.00148 
      0.07 0.0638 0.00969 
      0.22 0.0942 0.00732 
      0.37 0.1062 0.00482 
      0.52 0.1281 0.00052 
      0.67 0.1279 0.00056 
0.0239 0.020 0.83 0.0209 5.1 4.8×104 -0.15 0.0204 0.00754 
      0.07 0.0567 0.02042 
      0.22 0.0957 0.01745 
      0.37 0.1323 0.01276 
      0.52 0.1449 0.00792 
      0.67 0.1440 0.00654 
0.0347 0.020 0.83 0.0206 7.5 6.8×104 -0.15 0.0211 0.00277 
      0.07 0.0595 0.01602 
      0.22 0.1034 0.01819 
      0.37 0.1417 0.01856 
      0.52 0.1735 0.01720 
      0.67 0.2004 0.01450 
0.0397 0.020 0.83 0.0208 8.5 8.0×104 -0.15 0.0212 0.00086 
      0.07 0.0539 0.01630 
      0.22 0.0959 0.01826 
      0.37 0.1365 0.01934 
      0.52 0.1723 0.01819 
      0.67 0.2033 0.01853 
0.0473 0.020 0.83 0.021 10.0 9.5×104 -0.15 0.0217 0.01166 
      0.07 0.0680 0.02345 
      0.22 0.1100 0.02628 
      0.37 0.1484 0.02611 
      0.52 0.1849 0.02628 
      0.67 0.2162 0.02557 
0.0352 0.030 1.25 0.0326 3.8 7.0×104 -0.2 0.0348 0.00075 
      0.1 0.0682 0.01974 
      0.25 0.1107 0.02097 
      0.4 0.1461 0.01578 
      0.55 0.1654 0.01025 
      0.75 0.1701 0.00736 
0.0461 0.030 1.25 0.0322 5.1 9.2×104 -0.2 0.0356 0.00099 
      0.1 0.0722 0.02135 
      0.25 0.1212 0.02201 
      0.4 0.1614 0.02029 
      0.55 0.1916 0.01891 
      0.75 0.2233 0.01457 
0.0709 0.030 1.25 0.033 7.5 1.41×105 -0.2 0.0340 0.00263 
      0.1 0.0799 0.02790 
      0.25 0.1324 0.02918 
      0.4 0.1736 0.02964 
      0.55 0.2054 0.02926 
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      0.75 0.2448 0.02899 
0.0820 0.054 1.25 0.057 3.8 1.62×105 -0.2 0.0996 0.00560 
      0.1 0.1870 0.05092 
      0.25 0.2824 0.04667 
      0.4 0.3524 0.04312 
      0.55 0.4012 0.03749 
      0.75 0.4458 0.03176 
 
Note: Q: flow rate; h: sluice opening; x1: longitudinal jump toe position; d1: inflow depth; Fr1: 
inflow Froude number; Re: Reynolds number; x: longitudinal position; η: elevation from the 
channel bed; η’: standard deviation of the elevation η 
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APPENDIX B. CHARACTERISTIC FREQUENCIES OF FREE-SURFACE 
FLUCTUATIONS 
 
The characteristic frequencies of free-surface fluctuations of hydraulic jumps were obtained with 
spectral analysis on the processed acoustic displacement meter signals. The spike-removed signal 
was linearly interpolated to enable fast Fourier transform (FFT) which was applied to several non-
overlapping signal segments. The average power spectrum density (PSD) function was obtained and 
smoothed. Figure A-3 presents a typical smoothed average PSD function, showing a range of 
dominant frequencies with a global peak and some secondary frequencies with local peaks. These 
frequencies characterised the free-surface fluctuations. The results were documented for the data 
Series 1 and 2 with all sensors. The results are reported herein. 
 
 
Figure A-3 – Smoothed average fast Fourier transform curve of the acoustic displacement meter 
signal – Flow conditions: Q = 0.0461 m3/s, d1 = 0.0322 m, x1 = 1.25 m, x-x1 = 0.4 m, Fr1 = 5.1, Re 
= 9.2×104 
 
Notation 
d1 water depth (m) immediately upstream the jump toe; 
Ffs,dom dominant frequency (Hz) of the free-surface fluctuations; 
Ffs,sec secondary frequency (Hz) of the free-surface fluctuations; 
Fr1 inflow Froude number; 
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h opening of the upstream undershoot sluice (m); 
Q flow rate (m3/s); 
Re Reynolds number; 
Si acoustic displacement meter numbered i; 
x longitudinal position (m) apart from the upstream sluice; 
x1 longitudinal jump toe position (m); 
 
Experimental Setup 1 Q: 0.0179 m3/s x1: 0.83 m Fr1: 3.8 
 h: 0.020 m d1: 0.0206 m Re: 3.5×104 
  S1 S2 S3 S4 S5 
x-x1 (m) 0.07 0.22 0.37 0.52 0.67 
Ffs,dom (Hz) 3.4 3.5 3.4   
Ffs,sec (Hz) 0.87  0.62-0.9   
 
Experimental Setup 1 Q: 0.0239 m3/s x1: 0.83 m Fr1: 5.1 
 h: 0.020 m d1: 0.0209 m Re: 4.8×104 
  S1 S2 S3 S4 S5 
x-x1 (m) 0.07 0.22 0.37 0.52 0.67 
Ffs,dom (Hz) 0.87 2.61 2.6 2.47-2.83 2.45 
Ffs,sec (Hz) 2.1-2.8  0.82-0.97 0.86 0.92 
     1.3 
     3.25 
 
Experimental Setup 1 Q: 0.0347 m3/s x1: 0.83 m Fr1: 7.5 
 h: 0.020 m d1: 0.0206 m Re: 6.8×104 
  S1 S2 S3 S4 S5 
x-x1 (m) 0.07 0.22 0.37 0.52 0.67 
Ffs,dom (Hz)  2.24-2.58 1.48-2.02 1.75 1.85 
Ffs,sec (Hz) 0.82 0.74  0.94-1.15 0.64 
 2.77 1.52    
 2.03     
 
Experimental Setup 1 Q: 0.0397 m3/s x1: 0.83 m Fr1: 8.5 
 h: 0.020 m d1: 0.0208 m Re: 8.0×104 
  S1 S2 S3 S4 S5 
x-x1 (m) 0.07 0.22 0.37 0.52 0.67 
Ffs,dom (Hz)   2.28 1.8-2.07 1.55-2.13 
Ffs,sec (Hz) 1.03 2.65-3.4 3.11 2.88  
  1.42 1.25 1.33  
  0.83  0.75  
 
Experimental Setup 1 Q: 0.0473 m3/s x1: 0.83 m Fr1: 10.0 
 h: 0.020 m d1: 0.021 m Re: 9.5×104 
  S1 S2 S3 S4 S5 
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Ffs,dom (Hz)    1.64 1.4-1.62 
Ffs,sec (Hz) 0.57 0.57-0.71 0.82 0.57  
  1.57 1.26-1.97   
 2.8 2.25-2.7    
 
Experimental Setup 1 Q: 0.0352 m3/s x1: 1.25 m Fr1: 3.8 
 h: 0.030 m d1: 0.0326 m Re: 7.0×104 
  S1 S2 S3 S4 S5 
x-x1 (m) 0.1 0.25 0.4 0.55 0.75 
Ffs,dom (Hz) 0.62-0.77 2.5 2.55 2.43-2.61 2.42-3 
Ffs,sec (Hz) 2.77-3.36 0.77 0.81 0.7 0.62-0.71 
   1.46   
 
Experimental Setup 1 Q: 0.0461 m3/s x1: 1.25 m Fr1: 5.1 
 h: 0.030 m d1: 0.0322 m Re: 9.2×104 
  S1 S2 S3 S4 S5 
x-x1 (m) 0.1 0.25 0.4 0.55 0.75 
Ffs,dom (Hz)  2-2.65 1.8-2.08 1.88 1.9 
Ffs,sec (Hz) 0.47-0.72 0.82 0.51 0.57 0.75 
 2.23-2.97  1.18 1.16 1.26 
 
Experimental Setup 1 Q: 0.0709 m3/s x1: 1.25 m Fr1: 7.5 
 h: 0.030 m d1: 0.033 m Re: 1.41×105 
  S1 S2 S3 S4 S5 
x-x1 (m) 0.1 0.25 0.4 0.55 0.75 
Ffs,dom (Hz)   1.76-2.32 1.42-1.65 1.26-1.6 
Ffs,sec (Hz) 0.85 0.7  0.81-0.97  
  2.03-2.42    
 
Experimental Setup 1 Q: 0.0820 m3/s x1: 1.25 m Fr1: 3.8 
 h: 0.054 m d1: 0.057 m Re: 1.62×105 
  S1 S2 S3 S4 S5 
x-x1 (m) 0.1 0.25 0.4 0.55 0.75 
Ffs,dom (Hz)  2.5 2.35 2.3 2.17 
Ffs,sec (Hz) 2.84     
 1.77  1.77    
 
Experimental Setup 2 Q: 0.0160 m3/s x1: 0.5 m Fr1: 5.1 
 h: 0.012 m d1: 0.012 m Re: 2.1×104 
  S3 S4 S5 S6 S7 S8 
x-x1 (m) 0.07 0.07 0.07 0.2 0.2 0.2 
Ffs,dom (Hz) 3.09-3.59 3.19-3.52 3.15-3.62 3.76 3.48 3.24-3.7 
Ffs,sec (Hz) 0.66 0.93 1.06  0.81 0.78 
     1.54 1.35 
 
Experimental Setup 2 Q: 0.0179 m3/s x1: 0.83 m Fr1: 3.8 
 h: 0.020 m d1: 0.0206 m Re: 3.5×104 
  S3 S4 S5 S6 S7 S8 
x-x1 (m) 0.07 0.07 0.07 0.22 0.22 0.22 
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Ffs,dom (Hz) 3.6 3.7 3.1-3.8 3.1-3.5 3.4 3.3-3.64 
Ffs,sec (Hz) 0.65 1.04 1   1.14 
 1.1  0.41-0.58    
 
Experimental Setup 2 Q: 0.0293 m3/s x1: 0.83 m Fr1: 5.1 
 h: 0.020 m d1: 0.0209 m Re: 4.8×104 
  S3 S4 S5 S6 S7 S8 
x-x1 (m) 0.07 0.07 0.07 0.22 0.22 0.22 
Ffs,dom (Hz) 0.58-0.8 0.56-0.96 0.61 2.65 2.6 2.62 
Ffs,sec (Hz) 2-3.35 2.35-3.05 2.44-3.3 0.71 0.74 1.15-1.5 
 4.95 4-4.45  1.35 1.57  
 
Experimental Setup 2 Q: 0.0356 m3/s x1: 0.83 m Fr1: 7.5 
 h: 0.020 m d1: 0.0209 m Re: 6.8×104 
  S3 S4 S5 S6 S7 S8 
x-x1 (m) 0.07 0.07 0.07 0.22 0.22 0.22 
Ffs,dom (Hz)    1.88-2.62 2.41 1.8-2.7 
Ffs,sec (Hz) 0.36 0.94 0.39 0.39 0.5 0.52 
 1.12  4.1-4.9  1.44  
 2.54-3.38    5.2  
  S9 S10 S11 S12 S13 S14 
x-x1 (m) 0.37 0.37 0.37 0.52 0.52 0.52 
Ffs,dom (Hz) 1.85 1.87-2.1  1.84-2.28 1.93 1.29 
Ffs,sec (Hz) 0.33-0.49 0.58  0.83 0.77 0.76 
 1.02 1.03-1.15  1.3 1.2 1.89 
 
Experimental Setup 2 Q: 0.0397 m3/s x1: 0.83 m Fr1: 8.5 
 h: 0.020 m d1: 0.0208 m Re: 8.0×104 
  S3 S4 S5 S6 S7 S8 
x-x1 (m) 0.07 0.07 0.07 0.22 0.22 0.22 
Ffs,dom (Hz) 0.46-0.84      
Ffs,sec (Hz) 1.2 1.05 0.7 2.25-2.96 2.49-2.68 2.6 
   2.78 0.6 0.88 0.59 
  S9 S10 S11 S12 S13 S14 
x-x1 (m) 0.37 0.37 0.37 0.52 0.52 0.52 
Ffs,dom (Hz) 1.64-1.91 1.88-2.01  1.53-1.81 1.64-1.89 1.1-1.6 
Ffs,sec (Hz)    0.66 0.86 0.63 
      1.96 
 
Experimental Setup 2 Q: 0.0368 m3/s x1: 1.083 m Fr1: 5.1 
 h: 0.026 m d1: 0.0277 m Re: 7.4×104 
  S3 S4 S5 S6 S7 S8 
x-x1 (m) 0.1 0.1 0.1 0.25 0.25 0.25 
Ffs,dom (Hz) 2.68-3.08 2.34-3.11 3.05 2.32 2.34 2.31 
Ffs,sec (Hz) 0.36-0.46 0.41-0.81 0.49-0.7 1.67 1.54 1.2 
 1.53 1.63 1.53  0.76 3.03 
  S9 S10 S11 S12 S13 S14 
x-x1 (m) 0.4 0.4 0.4 0.55 0.55 0.55 
Ffs,dom (Hz) 2.14-2.49 2.1  1.96-2.56 1.69-2.58 2.35-2.7 
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Ffs,sec (Hz) 1.24 1.32  1.59 0.84 1.74-1.96 
 0.64-0.91 0.88   0.51 0.81-1.12 
     3.5 3.23 
 
Experimental Setup 2 Q: 0.0463 m3/s x1: 1.25 m Fr1: 5.1 
 h: 0.030 m d1: 0.0322 m Re: 9.2×104 
  S3 S4 S5 S6 S7 S8 
x-x1 (m) 0.1 0.1 0.1 0.25 0.25 0.25 
Ffs,dom (Hz)    2.32-2.53 2.57-2.77 2.2 
Ffs,sec (Hz) 0.76 1 1.24 0.76 1.19 1.08 
 3.54 3.14 3.44   0.73 
  S9 S10 S11 S12 S13 S14 
x-x1 (m) 0.4 0.4 0.4 0.55 0.55 0.55 
Ffs,dom (Hz) 2.13 2.04  2.3 1.93 1.87 
Ffs,sec (Hz) 0.78-0.92 0.95  0.65 0.91 0.97 
 1.43 1.32     
 
Experimental Setup 2 Q: 0.0552 m3/s x1: 1.417 m Fr1: 5.1 
 h: 0.034 m d1: 0.0363 m Re: 1.10×105 
  S3 S4 S5 S6 S7 S8 
x-x1 (m) 0.133 0.133 0.133 0.283 0.283 0.283 
Ffs,dom (Hz)    2.33 2.15 1.78 
Ffs,sec (Hz) 0.57 0.82 0.54 0.66 0.59-0.75 0.46 
 2.26 2.2-2.89 2.49 2.96 3.6 2.3-2.59 
  S9 S10 S11 S12 S13 S14 
x-x1 (m) 0.433 0.433 0.433 0.583 0.583 0.583 
Ffs,dom (Hz) 2.26-2.47 1.81  2.35 1.39-1.97 2.47 
Ffs,sec (Hz) 0.53 0.88  0.53 0.56-0.76 0.72-1.08 
 1.45   1.15   
 
Experimental Setup 2 Q: 0.0689 m3/s x1: 1.667 m Fr1: 5.1 
 h: 0.040 m d1: 0.042 m Re: 1.37×105 
  S3 S4 S5 S6 S7 S8 
x-x1 (m) 0.133 0.133 0.133 0.293 0.293 0.293 
Ffs,dom (Hz) 0.77   2.17-2.73 2.28-2.54  
Ffs,sec (Hz) 2.6 3.16 2.48-3.06 0.95  1.73 
  1.91 0.79   1.15 
  S9 S10 S11 S12 S13 S14 
x-x1 (m) 0.453 0.453 0.453 0.613 0.613 0.613 
Ffs,dom (Hz) 2.36 2.06-2.65  2.48 2.48  
Ffs,sec (Hz) 0.77 1.24  0.55-0.76 0.76 2.34 
     1.2  
 
Experimental Setup 2 Q: 0.0815 m3/s x1: 1.875 m Fr1: 5.1 
 h: 0.045 m d1: 0.047 m Re: 1.63×105 
  S3 S4 S5 S6 S7 S8 
x-x1 (m) 0.155 0.155 0.155 0.335 0.335 0.335 
Ffs,dom (Hz)    2.27 2.17-2.3 1.97 
Ffs,sec (Hz) 2.63-2.82 2.92 2.98  0.49 0.37 
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 0.66 1.03 0.5   0.98 
  S9 S10 S11 S12 S13 S14 
x-x1 (m) 0.515 0.515 0.515 0.695 0.695 0.695 
Ffs,dom (Hz) 1.63-2.03 1.89-2.08  2.01-2.27 2.03 1.6-2.11 
Ffs,sec (Hz) 0.41 0.74   0.58 0.4 
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APPENDIX C – CHARACTERISTIC FREQUENCIES OF LONGITUDINAL 
JUMP TOE OSCILLATION 
 
In a steady hydraulic jump, the jump toe oscillates longitudinally around its mean position. This 
motion was systematically observed by CHANSON (2005), MURZYN and CHANSON (2009), 
CHANSON (2010) and ZHANG et al. (2013), some of which were by means of video camera 
records. All these previous studies documented the frequency of the oscillation Ftoe, defined as the 
average number of dual-changes in the relative positions between the instantaneous and mean jump 
toe positions per second. In the present study, the longitudinal oscillation of jump toe was 
investigated with acoustic displacement meters. The displacement meters were placed horizontally 
above the inflow water surface, with the sensor head facing the jump front from upstream. The 
instantaneous distance between the sensor head and jump front was recorded. The characteristic 
frequencies, including a dominant (Ftoe,dom) and sometimes one or more secondary frequencies 
(Ftoe,sec), were obtained with spectral analysis on the signals. The results were compared with the 
observed jump toe oscillation frequency as well as the frequency of downstream advection/ejection 
of large scaled vortices in the shear layer, Fej. The latter was defined as the average number of 
advected vortices per second. Fej was included in the comparison because some relationship was 
believed existing between the jump toe oscillation and the generation of large scale vortices.  
 
Notation 
d1 water depth (m) immediately upstream the jump toe; 
Fej visually observed advection frequency (Hz) of large scale vortices in shear layer; 
Ftoe visually observed oscillation frequency (Hz) of jump toe; 
Ftoe,dom dominant frequency (Hz) of longitudinal jump toe oscillation; 
Ftoe,sec secondary frequency (Hz) of longitudinal jump toe oscillation; 
Fr1 inflow Froude number; 
Q flow rate (m3/s); 
Re Reynolds number; 
Si acoustic displacement meter numbered i; 
W channel width (m); 
x1 longitudinal jump toe position (m); 
z transverse position (m). 
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Table C-1 – Characteristic frequencies of longitudinal jump toe oscillation recorded with acoustic 
displacement meters S0 (z = 0 m), S1 (z = -0.125 m), S2 (z = 0.125 m) 
 
Q x1 d1 Fr1 Re z Ftoe,dom Ftoe,sec   
(m3/s) (m) (m)   (m) (Hz) (Hz)   
0.0160 0.5 0.012 5.1 2.1×104 0 0.75 1.97   
     -0.125 0.78 1.81   
     0.125 0.42 1.01   
0.0179 0.83 0.0206 3.8 3.5×104 0 0.49 2.6   
     -0.125 0.58 2.9 5.3  
     0.125 0.5 2.46   
0.0239 0.83 0.0209 5.1 4.8×104 0 0.52    
     -0.125  0.61 1.5  
     0.125  0.67 1.48 2.6-3.1 
0.0356 0.83 0.0209 7.5 6.8×104 0 0.7-0.93    
     -0.125  1.44   
     0.125  0.4 1.1  
0.0397 0.83 0.0208 8.5 8.0×104 0 0.96-1.34 0.78   
     -0.125  1.05-1.35   
     0.125  1.2 0.38-0.78 2.3 
0.0368 1.083 0.0277 5.1 7.4×104 0 0.7 2.1   
     -0.125  1.53-1.79   
     0.125  0.33-0.47   
0.0463 1.25 0.0322 5.1 9.2×104 0 1.02-1.2 1.86 0.84  
     -0.125 1.2-1.35 0.49   
     0.125 0.64-0.87    
0.0552 1.417 0.0363 5.1 1.10×105 0 0.9 1.81   
     -0.125  0.58 1.72  
     0.125  0.75 1.56  
0.0689 1.667 0.042 5.1 1.37×105 0 1.2 1.75 0.76  
     -0.125 1.25 1.78 0.77  
     0.125  0.78 1.28  
0.0815 1.875 0.047 5.1 1.63×105 0 0.92 0.4   
     -0.125  0.46 1.01  
     0.125 0.91 0.34   
 
Notes: Q: flow rate; x1: longitudinal jump toe position; d1: inflow depth; Fr1: inflow Froude 
number; Re: Reynolds number; z: transverse position; Ftoe,dom: dominant frequency of the 
longitudinal jump toe oscillation recorded with acoustic displacement meters; Ftoe,sec: secondary 
frequency of the longitudinal jump toe oscillation recorded with acoustic displacement meters. 
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Table C-2 – Visual/video observed frequencies of longitudinal jump toe oscillation and downstream 
ejection of large vortices in the shear layer 
 
Reference W Q x1 d1 Fr1 Re Ftoe Fej 
 (m) (m3/s) (m) (m)   (Hz) (Hz) 
0.5 0.0173 0.25 0.024 3.0 3.5×104 1.30 -- 
 0.0220  0.024 3.8 4.4×104 1.14 1.33 
 0.0267  0.024 4.6 5.3×104 0.98 1.04 
 0.0304  0.024 5.2 6.1×104 0.90 0.96 
 0.0345  0.024 5.9 6.9×104 0.94 0.96 
 0.0380  0.024 6.5 7.6×104 0.90 0.84 
 0.0419  0.024 7.2 8.4×104 0.91 1.00 
0.5 0.0194 0.5 0.0256 3.0 3.9×104 1.23 0.98 
 0.0238  0.0266 3.5 4.8×104 1.08 1.00 
 0.0307  0.0255 4.8 6.1×104 1.14 0.90 
 0.0352  0.0254 5.6 7.0×104 0.89 1.12 
 0.0380  0.0254 6.0 7.6×104 1.25 0.86 
 0.0436  0.0248 7.1 8.7×104 1.07 1.28 
0.5 0.0225 1.0 0.0268 3.3 4.5×104 1.37 0.79 
 0.0276  0.0271 4.0 5.5×104 0.95 -- 
 0.0313  0.0267 4.6 6.3×104 1.07 -- 
 0.0376  0.0283 5.0 7.5×104 0.93 0.62 
 0.0412  0.0272 5.9 8.2×104 0.89 0.84 
 0.0449  0.0271 6.4 9.0×104 0.92 0.74 
 0.0454  0.0257 7.1 9.1×104 0.95 0.81 
0.5 0.0216 1.5 0.0288 2.8 4.3×104 1.13 -- 
 0.0269  0.0286 3.6 5.4×104 1.05 -- 
 0.0301  0.0287 4.0 6.0×104 1.00 -- 
 0.0336  0.0284 4.5 6.7×104 0.78 0.44 
 0.0395  0.0288 5.2 7.9×104 0.76 0.50 
 0.0448  0.0290 5.8 9.0×104 0.76 0.60 
 0.0465  0.0272 6.6 9.3×104 0.74 0.73 
ZHANG et al. 
(2013) 
 0.0483  0.0269 7.0 9.7×104 0.74 0.74 
0.5 0.0147 0.75 0.019 3.6 2.9×104 0.492 0.533 
 0.0166  0.019 4.0 3.3×104 0.392 0.200 
 0.0223  0.019 5.4 4.4×104 0.509 0.420 
 0.0282  0.018 7.5 5.6×104 0.833 0.733 
 0.0326  0.0185 8.3 6.5×104 -- 0.533 
 0.0367  0.018 9.7 7.3×104  0.793 
 0.0378  0.018 10.0 7.5×104 0.714 -- 
 0.0399  0.018 10.6 7.9×104 -- 1.099 
 0.0418  0.0178 11.2 8.3×104 0.765 -- 
CHANSON (2010) 
 0.0470  0.018 12.4 9.3×104 -- 1.0 
0.5 0.0193 0.75 0.018 5.1 3.8×104 0.47 
 0.0287  0.018 7.6 5.7×104 0.68 
MURZYN & 
CHANSON (2009) 
 0.0314  0.018 8.3 6.2×104 0.77 
N/A 
0.25 0.0099 0.5 0.013 8.5 3.8×104 1.27 
0.25 0.0169 1.0 0.028 4.6 6.9×104 0.59 
CHANSON (2005) 
 0.0193  0.029 5.0 7.7×104 0.75 
N/A 
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 0.0259  0.029 6.7 1.0×105 1.18 
 0.0244  0.025 7.9 9.4×104 1.27 
0.5 0.0354 1.0 0.027 5.1 6.8×104 1.25 
 0.0506  0.028 6.9 1.0×105 1.47 
 0.0507  0.027 7.3 9.8×104 1.59 
 0.0500  0.024 8.6 9.8×104 2.00 
 
Notes: W: channel width; Q: flow rate; x1: longitudinal jump toe position; d1: inflow depth; Fr1: 
inflow Froude number; Re: Reynolds number; Ftoe: visual/video observed frequency of the 
longitudinal jump toe oscillation; Fej: visual/video observed frequency of the downstream ejection 
of large scaled vortex in the shear layer. 
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APPENDIX D – POST-PROCESSING OF SIMULTANEOUS ACOUSTIC 
DISPLACEMENT METER & PHASE-DETECTION PROBE SIGNALS 
 
The free-surface elevations above the hydraulic jump were measured non-intrusively using some 
acoustic displacement meters (MicrosonicTM Mic+25/IU/TC & Mic+35/IU/TC). The displacement 
meters emitted acoustic beams and received those reflected by the detected water surface. The 
distance between the sensor head and water surface was derived from the travel time of the beam. 
The raw outputs were voltage signals containing some errors mainly caused by a) the acoustic beam 
failed to be captured by the sensor because of some angle of the water surface, b) the acoustic beam 
reflected by a splashing droplet or a water drop stuck at the sensor head, and c) some interference 
by adjacent sensors. The erroneous signals resulted in meaningless spikes as shown in Figure D-1A. 
The spikes reaching the upper voltage limit corresponded to the acoustic beams that did not return 
to the sensor, and those reaching the lower voltage limit corresponded to the reflections on 
splashing droplets. These erroneous spikes were removed using some simple threshold techniques. 
Figure D-1B shows the spike-removed signal corresponding to the signal in Figure D-1A. It is 
noteworthy that the thresholds selected for the removal of erroneous spikes had some influence on 
the quantification of the signal standard deviation. Sensitivity study was performed on the 
independency of voltage signal standard deviation to different thresholds hence different ranges of 
post-processed signal Vupper-Vlower. The standard deviation was not independent of the signal range 
between the upper and lower thresholds (Fig. D-2). The influence of spike-removal thresholds 
appeared to be more substantial for large Reynolds numbers. The signal was converted into water 
depth according to the calibration curves obtained on-site. 
The two-phase flow was measured with an intrusive phase-detection probe. The probe was 
equipped with two identical needle sensors with a longitudinal separation distance between the 
sensor tips. The phase-detection probe discriminated between air and water phases by their different 
electrical conductivities. Voltage signals between -1 and 4.5 V were recorded in air-water flow, as 
demonstrated in Figure D-3. Each drop in signal referred to a detected air bubble. The voltage 
signal was converted into a binary file of instantaneous void fraction being 0 for water and 1 for air 
based upon a single threshold technique. The threshold was set at 50% of the air-water voltage 
range. Output voltage higher than the threshold was considered corresponding to water phase hence 
denoted 0, whereas air phase was indicated by voltage below the threshold and denoted 1 (Fig. D-
3).  
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(A, left) Raw signal 
(B, right) Post-processed signal after spike removal 
Figure D-1 – Raw and post-processed acoustic displacement meter signals – Flow conditions: Q = 
0.034 m3/s, d1 = 0.0204 m, x1 = 0.83 m, x-x1 = 0.37 m, Fr1 = 7.5, Re = 6.8×104 
 
 
Figure D-2 – Sensitivity of voltage signal standard deviation on post-processed voltage signal range 
after spike-removal 
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Figure D-3 – Raw outputs and corresponding binary data of phase-detection probe – Flow 
conditions: Fr1 = 8.5, Re = 7.5×104, d1 = 0.02 m, x1 = 0.83 m, x-x1 = 0.25 m, y = 0.04 m 
 
The response time of acoustic displacement meters was typically about 50 ms, while the phase-
detection probe was excited by an electronic system with a response time less than 10 μs. When the 
free-surface and air-water flow were measured separately, the displacement meters were sampled at 
50 Hz and the phase-detection probe was sampled at 20,000 Hz. Both they were scanned at 5,000 
Hz when the measurements were performed simultaneously. The response of phase-detection probe 
was lowered to match the relative slow response of displacement meters. After preliminary 
processing of each raw output signal, namely, the spike-removal and conversion to water depth data 
for the displacement meter signals, and the conversion to binary file for the phase-detection probe 
signal, all data were then filtered with a low-pass band (0-25 Hz) to eliminate the high-frequency 
signal component with a period less than the response time of the sensors. The low-pass filtered 
signals were smoothed over 100 points. The smoothed signals were linearly interpolated with equal 
interval of 0.02 s to facilitate further cross-correlation analysis. Figure D-4 and D-5 show the main 
stages of data processing in order. The data were collected from the same flow. Note the different 
time scales of the presented displacement meter and phase-detection probe signals. The processed 
instantaneous void fraction data reflected some air bubble groups rather than the individual detected 
bubbles. 
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(A) Raw signals (B) Spike-removed signals 
  
(C) Low-pass band filtered signals (D) Smoothed signals 
Figure D-4 – Data processing of displacement meter signals – Flow conditions: Q = 0.0463 m3/s, d1 
= 0.0322 m, x1 = 1.25 m, Fr1 = 5.1, Re = 9.2×104, x(S1)-x1 = 0.125 m 
 
  
(A) Raw signal (B) Binary signal 
  
(C) Low-pass band filtered signal (D) Smoothed signal 
Figure D-5 – Data processing of phase-detection probe leading tip signal – Flow conditions: Q = 
0.0463 m3/s, d1 = 0.0322 m, x1 = 1.25 m, Fr1 = 5.1, Re = 9.2×104, x-x1 = 0.125 m, y = 0.040 m 
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APPENDIX E – PHOTOGRAPHS OF THE EXPERIMENTS 
 
 
(A) Q = 0.0472 m3/s, h = 0.030 m, x1 = 1.25 m, d1 ~ 0.03 m, Fr1 = 5.1, Re = 9.4×104 
 
(B) Q = 0.0472 m3/s, h = 0.030 m, x1 = 1.25 m, d1 ~ 0.03 m, Fr1 = 5.1, Re = 9.4×104, lens: Pentax 
FA 31mm F1.8 AL Limited 
Figure E-1 – Experimental channel and instrumentation 
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(C) Q = 0.0552 m3/s, h = 0.034 m, x1 = 1.417 m, d1 = 0.0363 m, Fr1 = 5.1, Re = 1.1×105, shutter 
speed: 1/180 s (with flash), lens: Voigtländer Nokton SL2 58mm F1.4 
 
(D) Q = 0.0552 m3/s, h = 0.034 m, x1 = 1.417 m, d1 = 0.0363 m, Fr1 = 5.1, Re = 1.1×105, shutter 
speed: 1/180 s (with flash), lens: Voigtländer Nokton SL2 58mm F1.4 
Figure E-1 – Experimental channel and instrumentation 
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(E) h = 0.020 m, x1 = 0.83 m, Fr1 = 7.5, shutter speed: 1/100 s, lens: Voigtländer Nokton SL2 
58mm F1.4 
 
(F) Looking downstream at the jump toe: Q = 0.0472 m3/s, h = 0.030 m, x1 = 1.25 m, d1 ~ 0.03 m, 
Fr1 = 5.1, Re = 9.4×104, shutter speed: 1/80 s (with flash), lens: Pentax FA 31mm F1.8 AL Limited 
Figure E-1 – Experimental channel and instrumentation 
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(A, Left) h = 0.030 m, x1 = 1.25 m, d1 ~ 0.03 m, Fr1 = 7.5, shutter speed: 1/180 s (with flash), lens: 
Voigtländer Nokton SL2 58mm F1.4 
(B, Right) Q = 0.0461 m3/s, h = 0.030 m, x1 = 1.25 m, d1 = 0.032 m, Fr1 = 5.14, Re = 9.2×104, 
shutter speed: 1/80 s (with flash), lens: Voigtländer Nokton SL2 58mm F1.4 
 
(C) Q = 0.0461 m3/s, h = 0.030 m, x1 = 1.25 m, d1 = 0.032 m, Fr1 = 5.14, Re = 9.2×104, shutter 
speed: 1/80 s (with flash), lens: Voigtländer Nokton SL2 58mm F1.4 
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(D) Q = 0.0461 m3/s, h = 0.030 m, x1 = 1.25 m, d1 = 0.032 m, Fr1 = 5.14, Re = 9.2×104, shutter 
speed: 1/80 s (with flash), lens: Voigtländer Nokton SL2 58mm F1.4 
 
(E) Q = 0.0461 m3/s, h = 0.030 m, x1 = 1.25 m, d1 = 0.032 m, Fr1 = 5.14, Re = 9.2×104, shutter 
speed: 1/80 s (with flash), lens: Voigtländer Nokton SL2 58mm F1.4 
Figure E-2 – Details of the hydraulic jump toe, looking downstream 
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(F) Details of water projections immediately upstream of impingement perimeter - Q = 0.0461 m3/s, 
h = 0.030 m, x1 = 1.25 m, d1 = 0.032 m, Fr1 = 5.14, Re = 9.2×104, shutter speed: 1/80 s (with flash), 
lens: Voigtländer Nokton SL2 58mm F1.4 
  
(G) Details of water droplet impact immediately upstream of impingement perimeter - Q = 0.0461 
m3/s, h = 0.030 m, x1 = 1.25 m, d1 = 0.032 m, Fr1 = 5.14, Re = 9.2×104, shutter speed: 1/80 s (with 
flash), lens: Voigtländer Nokton SL2 58mm F1.4 
Figure E-2 – Details of the hydraulic jump toe, looking downstream 
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(A) h = 0.030 m, x1 = 1.25 m, d1 ~ 0.03 m, Fr1 = 7.5, shutter speed: 1/180 s (with flash), lens: Carl 
Zeiss 85mm F1.4 
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(B) Q = 0.0707 m3/s, h = 0.040 m, x1 = 1.25 m, d1 ~ 0.04 m, Fr1 = 5.1, Re = 1.4×105, shutter speed: 
1/180 s (with flash), lens: Voigtländer Nokton SL2 58mm F1.4 
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(C) Q = 0.0461 m3/s, h = 0.030 m, x1 = 1.25 m, d1 = 0.032 m, Fr1 = 5.14, Re = 9.2×104, shutter 
speed: 1/180 s (with flash), lens: Voigtländer Nokton SL2 58mm F1.4 
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(D) Q = 0.089 m3/s, h = 0.060 m, x1 = 1.25 m, d1 = 0.063 m, Fr1 = 3.63, Re = 1.8×105, shutter 
speed: 1/180 s (with flash), lens: Voigtländer Nokton SL2 58mm F1.4 
   
(E) Q = 0.0476 m3/s, h = 0.020 m, x1 = 0.83 m, d1 = 0.021 m, Fr1 = 10, Re = 9.5×104, shutter speed: 
1/180 s (with flash), lens: Carl Zeiss 85mm F1.4 
Figure E-3 – Air-water projections next to the jump toe, looking downstream 
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Copyrights: Photographs taken by Hubert CHANSON with a PentaxTM K-7 dSLR camera 
This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivs 3.0 
Unported License. 
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APPENDIX F – DEFINITION OF HYDRAULIC JUMP ROLLER LENGTH 
 
In a hydraulic jump, the turbulent flow region between the upstream supercritical flow and 
downstream subcritical flow is called the jump roller. The jump roller is characterised by an 
increasing water level in the streamwise direction, highly fluctuating free-surface and internal 
bubbly vortical structures (Fig. F-1). Within the length of jump roller, major aeration and energy 
dissipation processes take place, and the lower turbulence shear stress region and upper 
recirculation free-surface region exhibit very different flow properties. However, the definition of 
the jump roller length varied according to different criteria. MURZYN et al. (2007) defined the 
roller length Lr as the distance over which the mean free-surface level increased monotonically, and 
their observations showed close results to the empirical correlation given by HAGER et al. (1990). 
The same definition was applied in the present study. The acoustic displacement meters enabled 
accurate measurements of the free-surface profile and hence the roller length. The results are 
presented in Section 3.1.1 for 3.8 < Fr1 <10.0.  
The roller length was also visually estimated during the experiments. The jump roller was visually 
identified as the flow region with increasing water depth and significant free-surface spray and 
splashing. For strong hydraulic jumps, it was the region where obvious flow recirculation occurred 
near the surface and major air bubbles were entrapped in the large vortices advected downstream. 
At the end of the roller, sharp deceleration of the vortices and quick diffusion of air bubbles were 
observed. The visual observed roller length is compared to the data extracted from the free-surface 
profile measurements based on the definition of MURZYN et al. (2007), as plotted in Figure F-2. 
Figure F-2 shows that the visual observations consistently underestimated the measured roller 
length by roughly 20%. The differences were related to the fact that, at the end of jump roller 
defined by MURZYN et al. (2007), the increase in water level became visually ambiguous, and the 
turbulent flow features (both near the free-surface and in the lower shear layer) were less primary. It 
is acknowledged that the visual observation involved subjective judgement and uncertainties. It is 
also noteworthy that some self-similarity in free-surface profile was exhibited within the roller 
length given by the free-surface profile measurements, while the visual observed roller length led to 
some scattered and less convincing results. 
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Figure F-1 – A photograph of experimental hydraulic jump indicating the jump roller – Flow 
direction from right to left. 
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Figure F-2 – Comparison between the roller lengths with different definitions. 
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Figure F-3 – Self-similar roller free-surface profiles exhibited in the roller lengths with different 
definitions. 
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